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Abstract

Complexity in thedesignof softwareandhardwaresystemshasincreasedexponentiallyin the lastyears.
Problemslike verificationandsynthesisrequiremorepowerful techniquesanda greaterdegreeof automa-
tion in orderto dealwith biggerandbiggerdesigns.

This documentdescribesalgorithmsfor the verificationandsynthesisof concurrentsystemsthat are
basedon abstract interpretation. Abstractinterpretationis a generaltheoryfor theanalysisof thedynamic
behavior of systems,which is usedin staticanalysisof programs,codeoptimizationandverificationamong
otherareas.Theconceptbehindabstractinterpretationis abstraction: analysisproblemsaresolvedapprox-
imatelyin sucha way thatterminationis ensured,andthereforefully automationcanbeachieved. Thereis
atrade-off betweenprecisionandefficiency: studyingaproblematahigh level of abstractionis efficientbut
imprecise,andviceversa.

Twomainresultsarepresented.First,analgorithmfor theverificationof timedsystemswherethedelays
of elementsarenot specified,but left assymbols. The algorithmis capableof discovering the necessary
constraintson the delaysthat guaranteethe correctnessof the system. Several real examplesfrom the
domainof asynchronouscircuits have beenverified with this technique.The secondresult is an analysis
algorithmthatpermitsthe full automationof thesynthesisof concurrentsystemsusinga techniquecalled
Quasi-StaticScheduling.
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Chapter 1

Intr oduction

1.1 Moti vation

In thelast20years,thecommontrendsharedby softwareandhardwareindustrieshasbeenanexponential
increasein thecomplexity of designs.On thesoftwareside,theavailability of higher-level languagesand
new paradigmssuchasobjectorientation,thematurityof sofwareengineeringtechniquesandtheimprove-
mentin processorperformance,amongotherfactors,have permittedthedevelopmentof applicationswith
millions of linesof code.Onthehardwareside,Moore’s law predictedin 1965thatthenumberof transitors
integratedin a chip would doubleevery 18 months. Currently, the scaleof integrationallows the imple-
mentationof chipswith millions of transistors.Figure1.1presentssomeexamplesthattry to illustratethis
tendency. With this increasein complexity, findingpowerful techniquesto automatethedesignprocesshas
becomea majorconcernin theindustryandacademia.

Formal verification

Evenassumingverylow errorrates,complex designswill havemorebugs,thatshouldbedetectedbeforethe
systemis finally deployed. A singleundetectederrorin a safety-criticalapplicationsuchasa flight-control
system,a medicalsystemor a military systemcanhave catastroficconsequences.Recenthistory is full of
storiesrelatedto thepotentiallydevastatingeffectsof softwareandhardwareerrors:

Patriot missiletruncation error (1991): [95] The Patriot missile had an internal clock that storedthe
numberof secondsin afloating-point24bits register. After longperiodsof operation,thevaluein the
registerlost precisiondueto thetruncationof thefloating-pointnumber. As a result,aPatriotmissile
missedits target,hitting abarracksandkilling 28people.

Pentium FDIV bug (1994): [32] Intel shippedthePentiumprocessorwith abugin thefloating-pointdivi-
sionunit. Eventhoughstatisticallytheerroronly occurredoncein 100milion divisions,this incident
causedeconomiclossesto Intel Corporation(500$milion spentto replacedefective chips)anddam-
agedits reputation.

Ariane 5 rocket explosion(1996): [82] A conversionfrom a 64-bit floatingpoint numberto a 16-bit in-
tegercausedanoverflow in oneof thesoftwarecomponentscontrollingtherocket. Theresultof this
errorwastheexplosionof therocket 37secondsaftertheliftof f.

Error detectionis typically performedthroughtestingandsimulation. However, the mainproblemof
testingis that it cannotcover all possiblesituations.Typically, therewill becornercasesthat will not be
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Processor Year Transistors
4004 1971 �������	�
8008 1972 �����	���
8080 1974 ���
�����
8086 1978 �����
������������� 1982 ���	���
������ ������ 1985 ���	���
�����
486DX 1989 �	�����	���
�����
Pentium c

�
1993

� ���������
�����
PentiumII 1997 �����	�����
�����
PentiumIII 1999 �����
�������
�����
Pentium4 2000 �����
�������
�����

StableVersion Year Linesof code
Samba1.9.X 1996 50,000
Samba1.9.17 1997 60,000
Samba1.9.18 1998 90,000
Samba2.0.0 1999 180,000
Samba2.0.7 2000 200,000
Samba2.0.8 2001 360,000
Samba2.2.3 2002 475,000
Samba2.2.7 2003 600,000

Table 1.1: Left: Evolution in the numberof transitorsin the processorsof the Intel family (Source:
http://www.inte l. com/res earc h). Right: Estimatesof thesourcecodesizesof Samba,anOpen-
Sourceproject that provides file and print servicesto SMB/CIFSclients and is includedin most Linux
distributions(Source:http://statcvs .s our ce fo rg e. net ).

coveredby the testpatterns.Quite often,errorscanhappenpreciselyin thosecornercasesthat werenot
consideredduring the design. Clearly, therewill be applicationsfor which testingandsimulationis not
enough.

Verification is theformal procedurethatchecksthat thebehavior of a systemsatisfiesits specification.
Thebenefitsof a formal verificationis thatall possibleinputsdescribedin thespecificationarecoveredin
theanalysis.In thisway, asystemthatis successfullyverifiedcanbeassuredto be100%correct.However,
in orderto performverificationonehasto dealwith ahugenumberof statesthatappearwhenexploringthe
possibleconfigurationsof asystem.Veryoften,thenumberof statesgrowsveryquickly with respectto the
sizeof thedesign,andthis is known asthestateexplosionproblem. Themajorityof contributionsin thearea
of verificationdealwith theory, algorithmsanddatastructuresto overcomethestateexplosionproblem.

Synthesisof concurrent systems

Complex systemslike embeddedsystemsarebetterdescribedat a high level of abstraction.An exampleof
anaturalhigh-level representationis asetof communicatingprocessesthatexecuteconcurrently. However,
the executionof sucha representationwill likely occur in a platform with a singlesequentialprocessor.
Ideally, the high-level descriptionshouldnot imposea performancepenaltyto the sequentialexecution.
However, a naive implementationwill suffer this penalty, mainly dueto the time spentby the operating
systemswitchingcontext from oneprocessto theother.

Staticschedulingis oneof theareasof interestin embeddedsystemdesign.It comprisesa setof tech-
niquesthat try to generatea sequentialimplementation,the schedule, from a setof concurrentprocesses,
suchthattherun-timeis minimized.Therefore,staticschedulingtriesto performasmuchwork asit canat
compile-time,reducingtherun-timeoverhead.However, theschedulecannotbefully determinedstatically,
becausethatproblemwouldbeundecidable.Thechallengeliesonperformingthemostworkstaticallywhile
still remainingdecidibleandthusautomatic. Powerful analysistechniquesarerequiredin orderto perform
this task.
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1.2 Concurrent systems

Theworkpresentedin thisthesiswill studytheverificationandsynthesisof concurrentsystems.Verification
of concurrentsystemsrequiresadditionaleffortsbecause,for asetof events,all possibleinterleavingshave
to be studied. For example, if events � ��!#"�$ are concurrent,they could happenin many orderssuchas� ��!%"'&(��"�!)&(!#"*�+&,!%��"'&.-�-�-*$ .

Someexamplesof concurrentsystemsare asynchronouscircuits, embeddedsystemsand concurrent
programs.

Asynchronouscircuits

Asynchronouscircuitsarecircuitswherethereis no globalclock to synchronizeits differentcomponents.
In conventionalsynchronousdesign,a global clock is usedandthe resultof eachcomponentis storedin
a latch at eachclock cycle. However, clocksconsumea lot of power, andit is alsodifficult to propagate
the clock throughall the circuit. Also, mostof the activity in the circuit occurscloseto the clock edge,
causinghighelectromagneticemissions.Asynchronouscircuitssolvetheseproblemsby replacingtheglobal
clock by a local hand-shake betweencomponents.This approachgrantslower power consumption,less
electromagneticemissionsandbetterefficiency dueto earlycompletion,i.e. thereis no needto wait for a
clockcycle to propagatea result.

The fact that thereis no clock makestheverificationof asynchronouscircuitsmorecomplex, because
thereis more concurrency: eventsthat in a synchronouscircuit would happensequentiallycan happen
concurrentlyin an asynchronouscircuit. Also, the lack of clock makes the circuit more dependenton
timingconstraintsthatensurethecorrectenessof thesynchronizationwithin thecircuit. Thismeansthatthe
correctnessof thecircuit dependson thedelaysof its gatesandwires.

Embeddedsystems

Embeddedsystemsarespecializedcomputationunitsthatperformasetof taskswithin alargersystemcalled
environment. Someexamplesof embeddedsystemscanbeaVCR, acellularphone,anelectronicorganizer,
or adigital camera.Theimplementationof thesesystemsis generallyasoftwarecomponentrunningon top
of a hardwarearchitecturethatmight includeseveralCPUs,co-processors,andsoon.

Embeddedsystemscanbeseenasasetof tasksthatareexecutedconcurrently. Theinteractionbetween
this tasksandtheenvironmentis typically reactive, i.e. thetasksmustprocessinputsfrom theenvironment
undersometiming constraintssuchasthespeed(throughput)or thedelay(latency). For thesereasons,two
problemshave specialrelevancein theareaof embeddedsystemdesignare: synthesisof efficient sequen-
tial implementationsfrom concurrentspecifications;andverificationof the correctnessof the concurrent
specification,i.e. ensurethat theresponseof thesystemis theoneexpectedby theenvironmentandthat it
satisfiesthetiming requirements.

Concurrent programs

Concurrentsoftware suchas multi-threadedor distributed applicationsare also hard to analyzedue to
concurrency. Verificationis alsomorecomplex because,in general,programshave moredata-dependent
control-flow choicesthathardwarespecifications.

In thesedomains,theanalysisof datavalueswithin thesystemcouldprovideveryusefulinformation.In
thecaseof embeddedsystemsandconcurrentsoftware,theresultof control-flow choicescouldbeanalyzed
statically. Onecouldanalyze,for example,whethertheconditionof a if statementcanbesatisfiedat run-
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time. In thecaseof asynchronouscircuits,accuratetiming informationcouldbecomputed,suchaswhich
constraintson thegateandwire delaysaresufficient to avoid failures.

1.3 Approachesto verification

Verificationis the formal procedureof checkingthata systemsatisfiesa specification.Thepropertiesthat
canbedescribedin aspecificationaretypicallyof twokinds,safetypropertiesandlivenessproperties.Safety
propertiesdescribeconditionsthatmustalwayshold,e.g.

“The traffic light shouldnotbegreenfor carsandpedestrianssimultaneously”.

Wheneverasafetypropertyis notsatisfied,anerroroccurs.Therefore,safetypropertiesareusedto describe
somethingnegative that shouldnot happenin the system.On the otherside,livenesspropertiesdescribe
conditionsthatshouldeventuallyhold,e.g.

“At somepoint in thefuture,thetraffic light for pedestriansshouldbecomegreen”.

Contraryto safetyproperties,livenesspropertiesdescribesomethingpositive that shouldhappenin the
systemat somepoint. Thefact thata statewill eventuallybereached(progress) andany eventof a choice
thatis repeatedinfinitely oftenis eventuallytaken(fairness) fall into thiscategory.

Thereareseveral approachesfor the automaticverificationof theseproperties.Model checking [31]
is anautomatedtechniquethat, given a finite-statemodelof a systemanda property, checkswhetherthe
propertyholdsfor agiveninitial stateof themodel.Theoremproving [23] reliesondefiningthespecification
andthesystemaslogical formulasin a formal logic andcheckingwhetherthe implementationimplies(or
is logically equivalentto) thespecification.Abstract interpretation[41] modelsthedynamicbehavior of a
systemasasystemof equations.Theequationscaptureanabstractionof thestateof system,whichcontains
only theinformationrelevantto checkingthespecification.

1.4 Abstract interpretation and the goalsof the thesis

In this thesis,we will studytheproblemsof automaticverificationandsynthesisfor concurrentsystemsin
thepresenceof datavalues.Concurrentsystemscanhave clocks,delays,parameters,internalvariablesor
otherelementswhosevaluecanberelevantto verificationandsynthesis.For verification,we would like to
discover propertieslike:

“The systemis correctif thevalueof k is / 3”

“The systemis correctif thedelayof thesequenceof events021,341(5 is smallerthanthedelay
of 6 .”

For synthesis,wewould like to automaticallyrecognizepropertieslike:

“Process7 will sendatmost 8 messagesto process9 . Thus,messagesbetween7 and 9 canbe
storedin aboundedqueueof size 8 .”

“Event 0 in process7 will never happen,sowedon’t needto synthesizecodefor it.”

With someexceptions,dataanalysisis not a first-classcitizen of the existing verificationand synthesis
techniques.Our goalwill bethestudyof efficientalgorithmsanddatastructuresfor theautomaticanalysis
of thesedatavaluesfor the purposesof verificationand synthesis.The main concernsof the proposed
techniqueswill beautomation, efficiencyandscalabilityto work with real-lifeexamples.
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Amongthe techniquesthatareavailablein thedomainof analysis,synthesisandverification,abstract
interpretationappearsasa goodcandidatefor thetasksto beperformedin this thesis.Someof thebenefits
thatabstractinterpretationprovidesfor ourareaof interestare:

: Theory: Like theoremproving, thereis a strongtheorybehindabstractinterpretationwhich ensures
thevalidity of theresultsobtainedwith abstractinterpretationtechniques.

: Automation: Analysisbasedon abstractintepretationareguaranteedto terminateby theunderlying
theory. Therefore,abstractinterpretationanalysiscanbefully automated.

: Analysisof dataconstraints: Abstractinterpretationis well-suitedfor thediscovery of propertieson
the data-values. In theareaof staticanalysis,thereareseveral known techniquesbasedon abstract
interpretationthatanalyzenumericalpropertiesof thevariablesof aprogram(seeChapter2).

: Trade-off betweenprecisionandefficiency: Abstractinterpretationprovidesa genericframework of
analysis.Many differentabstractionscanbe usedto representthe stateof a system,eachof which
providesadifferenttrade-off betweenprecisionandefficiency. For aspecificproblem,onecanselect
theabstractionwith thebesttrade-off, i.e. themostefficientabstractionwith thesufficientprecision.

: Extensibility: New abstractionthatrepresentsthestateof thesystemefficiently canbe“plugged” into
theframework of abstractinterpretationveryeasily.

Two resultshave beenobtainedin theareasof timing verificationandsynthesis. In timing verification,
a techniquefor analyzingsystemswith unknown delaysis proposed.This techniquecancomputea set
of sufficient constraintsthat guaranteethe correctnessof a timedsystemwith respectto timed properties.
Several experimentalresultshave beenstudied,from the domainof asynchronouscircuits. In the areaof
synthesis,ananalysistechniquewhich canbeusedin thesynthesisof sequentialsoftwarefrom concurrent
specifications.Oneof theapproachesfor thesynthesisof thesesequentialprogramsis calledQuasi-Static
Scheduling(QSS).Theproblemof QSSis thatwhenever it findsa data-dependentchoice,it assumesthat
any resultof the choicecould be taken at run-time. Therefore,the amountof executiontracesthat it has
to explore increasesdramatically. In somecases,the synthesisproceduremight fail to terminatewithin
reasonabletime. Theproposedanalysistechniquecanpredicttheoutcomeof data-dependentchoices,thus
reducingtheamountof executiontracesto beexplored. For example,this canleadto establishingbounds
on thelengthsof messagequeuesbetweenprocessesat compile-time.

1.5 A practical example

We will presentanexampleof theresultsthatcanbeachievedusingthetechniquesdescribedin this docu-
ment.In particular, wewill show oneexampleof timing verificationof systemswith symbolicdelays.

Figure 1.1(a) depictsa D flip-flop [86]. Briefly stated,a D flip-flop is a 1-bit register. It storesthe
datavaluein signal ; whenever thereis a rising edgein theclock signal <>= . Theoutput ? of thecircuit
is thevaluewhich wasstoredin the last clock rising edge.We would like to characterizethebehavior of
this circuit in termsof the internalgatedelays.Theflip-flop hasto becharacterizedwith respectto three
parameters(seeFigure1.1(b)):

: Setuptime, notedas @BADCFEHGJI , is theamountof time that ; shouldremainstablebeforea clock rising
edge.

: Hold time, notedas @LK#M
N O , is theamountof timethat ; shouldremainstableafteraclockrisingedge.

13
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Figure1.1: (a) Implementationof a D flip-flop [86], (b) descriptionof variablesthat characterizeany D
flip-flop and(c) sufficient constraintsfor correctnessfor any delayof thegates.

} Delayor clock-to-outputtime, notedas ~��	�'��� , is theamountof timerequiredby thelatchto propa-
gateachangein theinput � to theoutput � .

The timing analysisalgorithmis capableof deriving a setof sufficient linearcontraintsthatguarantee
thecorrectnessof thecircuit’s behavior. This behavior will becorrectif theoutput � matchesthevalueof� in thelastclockrisingedge.Formally, thispropertycanbestatedas:

Thevalueof � aftera delay ~)���'��� from �L� ’s rising edge mustbeequalto thevalueof � at�L� ’s rising edge.

Any behavior not fulfilling thispropertyis consideredto beafailure.Fig. 1.1(c)reportsthesetof sufficient
timingconstraintsderivedby thealgorithm.Eachgate��� hasasymbolicdelayin theinterval � ���h�
����� . Notice
thatthis resulthascharacterizedthebehavior of thecircuit for anypossibledelayof thegates.

1.6 Organizationof the document

Theremainingof thedocumentis organizedasfollows:

Chapter 2 presentsthe stateof the art. Known techniquesfor abstractinterpretation,timing verification
andstaticschedulingof embeddedsoftwarearepresented.

Chapter 3 describesin detailthegoalsto beachievedin thethesis.Severalspecificproblemsandareasof
researchrelatedto verificationandsynthesisof concurrentsystemsareidentified.

Chapter 4 presentsthe resultsthat have alreadybeenobtained. The main contributions are (1) a tim-
ing analysisalgorithmfor concurrentsystemswith symbolicdelays,which can identify the linear
constraintsthatguaranteethecorrectnessof a timedsystem,and(2) anautomaticalgorithmfor the
eliminationof false-pathsin staticscheduling.Finally, thischapterpresentsthelist of publicationsof
theauthorrelatedto thework presentedin thisdocument.

Chapter 5 lists thefuturework remainingto achieve thefinal goalsof thethesis,aswell asaestimationof
theworkingplanrequiredto completethethesis.
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Chapter 2

Stateof the art

This chapteraimsto provide the foundationsof abstractinterpretationandtheareaswherea contribution
have beenmade,timing verificationand synthesisof embeddedsoftware. In Section2.1, the theory of
abstractinterpretationis presented,with a specialemphasison techniquesthat allow an efficient analysis
of numericvariables.Section2.2 describestechniquesfor modellingandverifying timedsystems.Timed
systemsare relevant to abstractinterpretationanalysisbecausetime can be consideredanothernumeric
variableto bestudied.Finally, Section2.3describestheproblemof synthesizingsequentialsoftwarefrom
concurrentspecifications.

2.1 Abstract interpretation

2.1.1 Intr oduction

Abstractinterpretation[41] is a generaltheoryfor thestaticanalysisof systemswith a dynamicbehavior.
The main ideabehindabstractinterpretationis approximation. The dynamicbehavior of a systemcanbe
toocomplex to beanalyzedprecisely. Besides,in orderto prove a property, approximateinformationabout
thedynamicbehavior of thesystemmightbesufficient. A classicexampleis thecomputationof thesignof
aproduct��������� . Thesignof � canbecomputedfrom thesignsof � and � . Knowing theexactvaluesof� and � is not required.

Abstractinterpretationcanbeappliedto many kindsof analysisproblemsin differenttypesof systems.
In orderto solve aspecificproblem,theframework of abstractinterpretationhasto beadaptedto:

� the propertiesbeingstudied: We candefinea stateof a systemas the setof valuesthat describe
the configurationof the systemat any given point. The statemaycontaininformationwhich is not
necessaryto checka givenproperty. Therefore,in our analysiswe canwork with anabstraction, a
simplificationof thestatethat ignoresthe informationof theconfigurationthat is not relevant in the
specificproblem.

� thesemanticsof thesystem:Thebehavior of asystemcanbedefinedby identifyingasetof locations
wherewe requireinformationaboutthe state. The relationsamongthe stateof the systemin these
locationsestablishesasystemof equations.

Thesystemof equationscanbesolved iteratively until a fixpoint is reached.Theresultsof this system
of equationsprovideapproximateinformationaboutthedynamicbehavior of thesystem.
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Abstraction Citation Properties
Example
Bounds Signs [41] �������> 
¡� %¢£ %¤£¥

Intervals [40] ¦¨§ª©«��©¬¦®
Octagons [76] ¤`�¯¤,°�©±¦

Convex polyhedra [50] ¦ §³² � § ¢µ´�´�´�¢¶¦®· ² �¸·®©¬¦�¹
Congruences Simplecong. [60] �oº»¦¨§B¼¾½�¿£¦®

Relationalcong. [61] ¦¨§ ² �¾¢¶¦® ² °¾º�¦®À)¼¯½�¿+¦®Á
Trapezohedralcong. [74] ¦¨§ ² �¯¢¶¦® ² °��(Â ¦�À	 
¦¾Á*Ã�¼¯½�¿£¦¾Á

Table2.1: Abstractionsof numericvalues

2.1.2 Applications

Abstractinterpretationhasmany applicationsin many differentareas.This sectionwill only describethe
applicationswhich are closeto the areaof researchin this thesis. The interestedreadercan find more
informationaboutotherapplicationsin [38,39].

Staticanalysisis animportantareaof applicationof abstractinterpretation.It canbeappliedto thestatic
analysisof logic programs[46] andfunctionalprograms[45,49]. With thesetechniques,propertiessuchas
groundness, strictness, costestimationor terminationcanbeanalyzedapproximately. Also, it canbeapplied
to theanalysisof imperativeprograms.A problemwhichhashadalot of successin thisareais analyzingthe
valuesof programvariables.Thesetechniquesrely onabstractionsthatrepresentnumericvaluesefficiently.
In general,theseabstractionscanbedividedinto two categories:boundbasedabstractionsandcongruence
basedabstractions.Figure2.1providesabrief summaryof thesetechniques.

Boundabstractionsarebasedon computingboundson the valuesof variables.For example,interval
analysiscomputesupperand lower boundsfor variables;octagonanalysiscomputesthe upperboundof
thesumor differenceor pairsandvariables;andlinearrelationanalysisusingconvex polyhedracomputes
thelinearinvariantssatisfiedby a setof variables.This informationhasbeenusedto remove out-of-bound
checksin arraysanddetectout-of-boundchecksatcompile-time;to detectarithmeticoverflow or underflow;
to detecttheoutcomeof loopsor conditionalstatementsat compile-time;andalsoto detectarithmeticrun-
timeerrorssuchas“division by zero”.

Congruenceabstractionsprovide informationbasedoncongruencerelations.Thereareseveralkindsof
analysis,eachproviding adifferentlevel of granularity. Informationoncongruencerelationsis usedmainly
for theanalysisof memoryaccessesanddatadependencies.For example,congruencerelationscanbeuse
to decidewhethertwo instructionsareaccessingthesamepositionin anarray. Then,thecompilercanuse
this informationfor scheduling,loop parallelizationor reorderingof loops. This resultshave beenfurther
extendedto thegeneralproblemof alias analysis, with specificabstractionsthatdealwith pointerscalled
shapes[33,52,81]

Several extensionshave beenproposedto the previous techniquesin orderto handlerecursivity [42],
interproceduralanalysis[20], floating-pointoperations[6] andparallelprograms[44]. Combiningall these
techniques,very preciseinformationaboutthe run-timebehavior of a programcan be collected. This
informationcanbeused,for example,to solve theproblemof compile-timedetectionof run-timeerrors of
imperativeprograms[88].

Abstractinterpretationhasalsobeenappliedto the verificationof systemsother thansoftware. The
conceptof approximationhasbeenusedin [53] to verify real-timesystems.Linear relationanalysishas
beenusedto verify synchronousprogramswith countersandhybrid automata[63]. Finally in [19], the
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Figure2.1: (a) A GaloisconnectionÄ ÅÇÆhÈLÉ . (b) is not a Galoisconnection,becauseÈËÊ Å'Ê�ÌÎÍ|Í is not an
overapproximationof Ì .

designof aspecificabstractionto analyzeaconcretereal-timesystemis discussed.

2.1.3 Formal definition

The theorythat will bepresentedin this sectionhasbeenestablishedin [37,40–42,47,48,81]. Formally,
abstractinterpretationcanbedefinedasthecomputationof anupperapproximationof thesemanticsof a
program.Thesemanticsof theprogramcanbeexpressedasasystemof fixpoint equations,which is solved
approximately. In order to achieve soundresults,we restrictourselves to approximationsfulfilling some
desirableproperties.Approximationsthatfulfill thesepropertiesarecalledGaloisconnections.

Galoisconnection

The statesof a programcanbe consideredaselementsof a concretedomain Ï . On the otherhand,the
approximatevaluesthatareobtainedby ouranalysisareelementsof anabstract domainÐ . Approximation
is definedby a pair of functions,the abstraction function ( ÅÒÑ�ÏÔÓ Ð ) andthe concretizationfunction
( ÈÕÑ�ÐÖÓ Ï ) which definethe path from concreteto abstractvalue and vice versa. Thereare pair of
functionsshouldensuresafety, i.e. that our abstractionis always an overapproximationof the concrete
values.ThisnotioncanbeformalizedasaGaloisconnection.

Definition 1 Galoisconnections[48]
Let Ê{Ï`Æ�×YÍ and Ê ÐUÆ�Ø2Í bepartially ordereddomains,calledtheconcretedomainandtheabstractdomain

respectively. A pair of functions ÅÒÑ)ÏÙÓ Ð and ÈÚÑ³ÐÛÓ Ï is a Galoisconnectionif and only if the
followingholds: Ü Ý\Þ Ï`Æ|ß Þ ÐàÑ�Ê Å�Ê Ý ÍáØ.ßbÍBâãÊ|Ê Ý ×.ÈËÊ�ßbÍ|Í|Í
In this case, Å is calledtheabstractionfunctionand È is calledtheconcretizationfunction.

The propertiesstatedin the definitionof a Galoisconnectioncanbestatedinformally as“ Å'Ê Ý Í is the
mostpreciseapproximationof Ý ” and“ ÈmÊ�ß�Í is the most impreciseelementof Ï that canbe soundlyap-
proximatedas ß ”. Any approximationsatisfyingthesepropertiesmayloseprecisionwhenmoving from one
domainto theother, but it will not losesafetyin thesensethatit will alwaysbeanoverapproximation. This
meansthatthefollowing propertieswill besatisfied:Ü Ý^ä ÏåÑ Ý^ä ÈmÊ Å�Ê Ý Í|ÍÜ

ß ä ÐÚÑ�ß ä Å'ÊæÈËÊ�ßbÍ|Í
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Figure2.2: (a) An imperative program,(b) theexactsystemof equationsconsideringthat thestateis only
the valueof variable � and(c) a forward solutionfor a given precondition;(d) theapproximatesystemof
equationsusingintervalsand(e)a forwardsolutionfor thesameprecondition.and(c) apossibleforward.

Fixpoint equations

Programs,andsystemsin general,canbe formalizedasa systemof fixpoint equationsthat defineits be-
havior. The way in which the systemof equationsis defineddependson the semanticsof thesystem.In
general,we have to definea state, thesetof valuesthatcharacterizesthestateof theprogram,anda setof
contexts wherethis stateis transformed.Thereis, of course,an initial context with an initial statethat is
calledtheprecondition. Figure2.2(b)shows a simpleexamplefor a small imperative program.Thesame
processcouldbedonefor morecomplex programs[20].

Solvingthis systemof equationsgivesa descriptionof thesemanticsof theprogram.By semanticswe
understandthe setof statesthat canbe achieved in eachcontext startingwith a given precondition.This
conceptis calledforward semantics[43], andsimilarly abackward semanticscanbedefined.Figure2.2(c)
shows a forwardsolutionfor thesystemof equationsin 2.2(b).

A forward increasing[41,81] solutionto a systemof fixpoint equationscanbe obtainedthroughthe
following procedure:(i) the initial context is initialized with the precondition;(ii) othercontexts areini-
tialized with the emptyset of states;(iii) equationsare applieduntil convergenceis reached,i.e. for a
step � , � context �! #"%$&(' " $�)+*& . Conversely, backward anddecreasingsolutionscanbedefined[41].
Theideasin this simplealgorithmcanbeextendedin orderto acceleratetheconvergenceof thesystemof
equations[21,27,81].

Findingtheexactsolutionto thesystemof equationscanbevery complex. But if a Galoisconnection
is defined,the problemcanbe translatedinto solving an approximatesystemof equations.The solution
to this approximatesystemof equationsis a safeoverapproximationof the solution,by the definition of
Galoisconnection.Figure2.2(d) shows the approximatesystemof equationsfor the abstractdomainof
intervals, and2.2(e)shows the forward solutionto this approximatesytemof equations.Notice that the
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Figure2.3: (a)An imperative programwith a loop, (b) thesystemof equationsfor intervalswithoutwiden-
ing; (c) thenumberof stepsrequiredto reacha solutionwithout widening;(d) thesystemof equationsfor
intervalswith wideningand(e) thesolutionto thesystemof equationswith widening.

solutionto theapproximatesystemof equationsg`hjilknmporqfsutWv is anoverapproximationof therealsolution
g`hxwyspz{h|w}mpo�v .

The systemof equationsin Figure2.2 did not containcyclic referencesin equations,but in general,
systemsof equationsmay containcycles. For example,in order to definethe systemof equationsof a
loop, we requirecycles. Whencyclesareintroduced,convergenceof thesolutionis no longerguaranteed.
Evenif thesystemof equationsconverges,it mayrequirea very high numberof stepsto converge,making
it impracticalfor analysis.Figure2.3 shows an exampleof a program,whosesystemof equationsin (b)
containscycles.Solvingthis systemof equationsrequiresa numberof stepswhich dependson thenumber
of iterationsof theloopat run-time.Obviously, this is notpracticalfor astaticanalysis.

Again,abstractinterpretationsolvesthisproblemusingapproximation.A specialoperatorcalledwiden-
ing ( ~ ) is defined.This operatoris usedin theequationthatdefinecyclic relationsandguaranteesconver-
genceby definition. Intuitively, it worksasaninductionstep,assumingthatthebehavior observedafterthe
loopcouldberepeatedindefinitely.

Definition 2 Wideningoperator [48]
A wideningoperator~ is a function ~��C���j����� such that

1. �Q��qf��i%�����|�������Q~_�
2. for all increasingchains � e ��� R ������� , the increasingchain definedas � e w�� e q������+qf�C� P+R w
�r�S~_��� P+R is notstrictly increasing.

By property(2) of the definition, the wideningoperatorcanonly be applieda finite numberof times
beforereachingconvergence.Therefore,wideningcanguaranteetheconvergenceof asystemof equations.
Figure2.3(d)shows thesystemof equationsusingwidening. The wideningoperatorthat is beingusedis
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Concept Inter vals Octagons Polyhedra
Relationalproperties ��� � �
Precisionof results � � ���
Supportedoperations ��� � �
Complexity ��� � ���
Tool support � � �

Table2.2: Brief comparisonof numericabstractions
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Figure2.4: Comparisonof thedifferentabstractionsof asetof values.

thestandardwideningfor intervals:

¥ ºG��»�¨>¼½¥ ¾¶�^¿�¨À� ¥§Á���ÂG¨
whereÁ � ÃG¾pÄº³Å¦²¦Æ Ç/º³È

Â � ÃG¿xÉ»ÊÅ�ª�Æ Ç/»ÊÈ
Fromthedefinition,we canseethat this operatorcanbeappliedat mosttwice beforereachingconver-

gence:any changein the lower or upperboundwill sendthemto infinity, includingany furtherchangein
thesamedirection.Usingthis widening,convergencecanbereachedin fewer steps,asseenin Fig. 2.3(e).
However, it shouldbenotedthat thewideningsacrificesprecisionin orderto ensureconvergence.Notice
that the solutionin 2.3(e)is lessprecisethanthat of 2.3(c). The problemof finding efficient yet precise
wideningoperatorsis very importantin abstractintepretation.An exampleof techniquesthatcanbeusedto
obtainmoreprecisewideningoperatorscanbefoundin [12].

2.1.4 Abstractions of numeric values

Theanalysisof propertiesof datavalueswith AbtractIntepretationrequiresefficientdatastructuresthatcan
representandmanipulateconstraintsonnumericvalues.Theproblemof findingnew representationsof this
kind is an interestingopenproblem,which is relevant to abstractinterpretationandotherareaslike linear
programmingor computationalgeometry.

In this section,we will focuson theabstractionsbasedon bounds(seeFigure2.1), becausethey have
hadagreatersuccessin theareaof verification.Table2.2presentsabrief comparisonbetweentheseabstrac-
tions, intervals, octagonsandpolyhedra. Intervals arevery simpleandefficient, but they cannotrepresent
relationalconstraints,i.e. symbolicconstraintsbetweenvariableslike

�%�}�
. Octagonsprovide morepre-

cision,beingableto representconstraintslike
�¦�Ë�_ª�¸

even if we don’t know thevariablefor
�

and
�
.
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Finally, convex polyhedraprovidethemostpreciseapproximation,but mostoperationswith polyhedrahave
ahighcomplexity.

Figure2.4showsanexampleof asetof valuesof two variables,Ì and Í , thathasbeenrepresentedusing
theseabstractions.Noticethateachabstractionprovidesanoverapproximationof thesetof values,andthe
degreeof precisionof theapproximationvariesfrom oneabstractionto theother. Also, noticethatall these
abstractionsrepresentconvex setsof values. Whenever a non-convex setof valueshasto be represented,
thereis a lossof precision.

Inter vals

Intervals area representationfor constraintson the upperor lower boundof a singlevariable,e.g. ( Î©Ï·Ð
Ì¦Ð¹ÎÒÑ ). Interval analysisis very populardueto its simplicity andefficiency: aninterval abstractionfor Ó
variablesrequiresÔxÕWÓ+Ö space,andall operationsrequire Ô·ÕWÓ+Ö time.

Anotherstrengthof interval analysisis the possibility to find preciseoverapproximationsof complex
operationssuchasdivisions,products,modulos,×�×�× For example,

Ø§ÙrÚ�Û©ÜGÝaØ§ÞrÚàß�ßVÜ�á Øâß�ãäÚ�Û�Û©Ü
[3,10] å ØçæCÚàßÒèuÜ�á Ø ãäÚàßVÜ
[1,2] mod

Ø§ÛrÚfèuÜ�á ØâßuÚ�Ù©Ü

However, intervalscannotrepresentnon-trivial symbolicrelations.For example,if Ìjé Ø ãäÚ�Ù©Ü and Í�é Ø ãäÚ�Ù©Ü ,
Ì and Í canbeequal,but wedon’t know if they are.Ontheotherhand,sometimestrivial symbolicrelations
canbeinferredfrom theupperandlower bounds:if Ì¦é Ø§ÞrÚ�æ¢Ü and Íêé Ø§ÙrÚ�Û©Ü we know that Ì¦ëìÍ for any
valueof Ì and Í .
Octagons

Octagons[76] areanefficient representationfor a systemof inequaliteson the sumor differenceof pairs
of variables,e.g. ( íaÌ·í�ÍêÐ�Î ) and( ÌîÐ}Î ). Thenameis chosenbecausein a systemwith two variables,
octagonscanrepresentatmosteightconstraints.Oneof theadvantagesof octagonsis thatthey canrepresent
symbolicconstraintsamongvariables,e.g. ÕWÌðï½Í|ñ ß Ö , even if thevalueof thosevariablesis unknown.
Efficiency is anotheradvantageof this representation:the spatialcost for representingconstraintson Ó
variablesis Ô·ÕWÓ Ñ Ö , while thetemporalcostis betweenÔ·ÕWÓ Ñ Ö and ÔxÕWÓ�òàÖ dependingon theoperation.

Theproblemof this representationis that it losesprecisionwhenever it hasto analyzetheoutcomeof
assignmentslike Ìµó�ïõô Ý Í or Ì%ó�ïyÍpí�ö . Thisproblemis inherentto thefamily of constraintsthatcanbe
representedwith thisabstraction.

Thereis apublicly availableimplementationof theoctagonabstraction,theoct library [75].

ConvexPolyhedra

Convex polyhedra[50,63] areanefficient representationfor setsof linearinequalityconstraints,e.g(
Û Ì·ñÙ Íx÷®öøÐ æ ). This abstractionis very populardueto theability to expresspowerful constraints.However,

thisprecisioncomeswith a veryhighcomplexity overhead.
Convex polyhedracanberepresentedasthesetof solutionsof a conjunctionof linear inequalitieswith

rationalcoefficients.Let ù beapolyhedronover úüû , thenit canberepresentedasthesolutionto thesystem
of ý inequalitiesùþï ÿ ��� ��� ë��	� where

� é ú�
� û and ��é ú�
 . Convex polyhedracanalsobe
representedin a polar representation,calledthe systemof generators, asa linear combinationof a setof
vertices � (points)anda setof rays � (vectors).The fact that therearetwo representationsis important,
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Figure2.5: Severaloperationsonconvex polyhedra:(a) intersectionof polyhedra, (b) unionof polyhedraas
theconvex hull, (c) wideningof polyhedraand(d) assignmentof a linearexpressionor anundefinedvalue.

becausethereareefficientalgorithms[28,50] thattranslateonerepresentationto theother, andseveralof the
operationsfor convex polyhedraarecomputedvery efficiently whentheproperrepresentationof polyhedra
is available.

Thesetof operationsonconvex polyhedrathatarerequiredfor abstractinterpretationarethefollowing:

� Testfor inclusion ( ����� ): Inclusionis anexactoperation.� is includedin � only if thegenerators
of � satisfytheconstraintsof � , thatis, ���	��������� �"! and ��#$�&%'�(�)#*�"+ .

� Union ( �-,.�0/ ): Theunion of convex polyhedrais not necessarilyconvex, andthereforeanupper
approximationis used. This approximationis calledconvex hull, the leastconvex polyhedronthat
includes� and � . � , � is definedasthepolyhedronwith a systemof generatorsthat is theunion
of thosein � and � .

� Intersection ( �-1.� ): The intersectionof two convex polyhedrais necessarilyconvex. �21.� can
bedefinedasthepolyhedronwith asystemof linearinequalitiesthatcontainsall theinequalitiesin �
and � .

� Widening ( �435� ): Widening is the approximateoperatorusedto guaranteeterminationin loops.
Wideningoperatormustensurethat it will reachfixpoint after a finite numberof iterations. �03	�
is definedasthe systemof linear inequalitieswhich aresatisfiedbothby � and � . As thenumber
of inequalitiesin � and � is finite and this operatorcan only reduceor maintainthe numberof
inequalities,terminationin afinite numberof stepsis ensured.

� Applying a linear assignment( �	6 78�:9�;<	=?>5@ ): Linearassignmentsto a dimensionof thepoly-
hedrontransformthe verticesand the edgesof the polyhedronas �0A*9CBD;�E='>GF ���H�JI and
%AK9LBD;M#KF #4�&%$I .

� Assigningan undefinedvalue to a dimensionor quantifier elimination( �56 7N�:9POQ@ ): this operation
removesall constraintsfor a givendimensionof thepolyhedron,while keepingall the implicit con-
straintsabouttherestof dimensionsintact. This operationis implementedwith theFourier-Motzkin
elimination[51] method,i.e. we updatethe systemof inequalitiesasfollows: First, we addall the
possiblelinearcombinationsof inequalitieswith non-zerocoefficient in 7 sothecoefficient in 7 be-
comeszero. For R inequalities,at most STR8UWV(/YX linearcombinationswill beaddedto thesystemof
inequalities.Then,inequalitieswheredimension7 hasnon-zerocoefficientareremoved.

Figure2.5 shows someexamplesof theseoperationson convex polyhedra.It shouldbenotedthat the
convex hull andthewideningoperatoraretheonly operatorsthat looseprecision.All otheroperatorsare
exact.
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Therearemany librariesof convex polyhedrain the public domain,amongothersNew Polka [80],
polymake [59], Qhull [89], PPL (ParmaPolyhedraLibrary) [13] andPolylib [87]. Additional resourceson
polyhedralcomputationcanbefoundin [58].

2.2 Timing analysis

Therearemany formal notationsusedto modelthebehavior of real-timesystems:TimedGraphs,Timed
TransitionSystems[64], Timed Automata[5], Hybrid Automata[4] andTimed Petri Netsamongmany
others. In the following, we will presentthe syntaxandsemanticsof someof thesenotations,aswell as
discussingthecomplexity of its verification.

2.2.1 Timing Transition Systems

Timed transitionssystems(TTS) were introducedin [64] asa meansto model the timed executionof a
setof concurrentprocesses.Timedtransitionsystemsarea extensionof thebasiccomputationalmodelof
transitionsystems[10].

In a transitionsystem,thereis a setof states, andin eachstate,therecanbe several enabledevents.
Whenever anevent is fired, thestateis changedaccordingto a transitionrelation. Theevent to befired is
chosennon-deterministicallyamongtheenabledevents.A sequenceof firingsof eventsis calleda run, and
it is avalid runonly if ateachsteptheeventbeingfiredwasenabledin thatstate.

Definition 3 Transitionsystem[10]
A transitionsystem(TS) is a quadrupleZ\[^]`_badceagf�aihkjmlon , where _ is a non-emptysetof states, c is a

non-emptyalphabetof events, fqpr_&stcust_ is a transitionrelation, and hkjvl is theinitial state. Transitions
are denotedby hxwy h{z . An event | is enabledat state h if }~h�wy h{z��2f . We will denotethesetof events
enabledat stateh by ����hD� .
Definition 4 Runof a TS

Let Z�[�]`_�adceagf�aihkjvl~n be a TS. A run of Z is a sequenceh�� w��y h�� wg�y �Q�Q� such that h(�	[�h{jml and
hkj wY�y hkj������Ef for all ���L� .

TTS introducethenotionof lower andupperdelayboundsof events. Eachevent | hasanassociated
interval of positive realnumbers,notedas[ � w , � w ]. Thelower boundof anevent | representstheminimum
amountof timethatmustelapsebetweenthemomentthat | becamelastenabledand | wasfired. Conversely,
theupperboundof | representsthemaximumamountof timethatcanelapsebetweenthelastenablingof |
andthefiring of | .
Definition 5 Timedtransitionsystem[64]

A timedtransitionsystem(TTS) is a triple Z^[�]�Z0 ¡a��~a��En where ZP -[�]`_�adceagf�aihkjvl¢n is a TS called
theunderlyingtransitionsystem, �&£¤c y¦¥�� and �§£¨c y©¥��«ª5¬D?® respectivelyassociatea minimal
anda maximaldelayboundsto each event,such that ¯¨|M��c�£(� w

° � w .
In thismodel,choosingwhicheventis firedrequirescheckingthatthedelayboundsof all enabledevents

aresatisfiedby ourchoice.For example,if threeevents | � , | � and |{± have becomeenabledsimultaneously,
andtheir delaysare |��4[�²´³µai¶�· , |k�J[�² ¸¢ai¹�· and | ± [�²m�Wadºk· , thenonly |�� or | ± canbechosento fire. We
cannotchooseto fire |{� , becauseit cannotfire before4 timeunitsandin thattime |W� wouldbeforcedto fire
by its upperdelaybound.Therefore,thedefinitonof a valid run of a TTS hasto establishthatmomentin
timewhereeacheventis fired is consistentwith thedelayboundsof theeventsinvolved.
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Figure2.6: TTS modellingthecontrollerof thedoorof agarage.

Definition 6 Timedstatesequence[64]
[64] A timedstatesequenceis a pair »5¼�½�¾¨¿ÁÀÁÂ such that ¾ is a sequenceof statesand À is a sequence

of timestampsin Ã�Ä , ÀdÅ , ÀgÆ , ÀYÇ , ÈQÈQÈ such that ÀdÅ0ÉÊÀYÆJÉLÀgÇtÉËÈQÈQÈ (monotonic) and Ì¨ÍNÎ2Ã�Ä'Ï¨ÐµÑ�ÀÓÒ�Ô^Í
(progress).

Definition 7 Runof a TTS [64]
Let ÕË¼�½�ÕPÖ�¿�×K¿�ØÙÂ bea TTS. A run of Õ is a timedstatesequence»&¼�½�¾¨¿ÁÀÁÂ such that ¾ is a run of

theunderlyingtransitionsystemÕ Ö and:

Ú lower bound: Ì¨Û0Î8Üe¿ÁÑ�Ô?Ýo¿ßÞ5Ô"Ñ�Ï(À�àá.ÀYÒ~â2×äã�ÏKå�æçà ãè ædà Ä Å�Î&¾êé è å�Û0ÎEëìå�ækÒ`éÁé .
Ú upperbound: Ì¨ÛMÎ�Ü¿ÁÑ�Ô"ÝtÏäÐ�Þ5Ô.Ñ�Ï�À à É�À Ò âíØ ã Ï�Û îÎ«ë�å�æ Ò éðïGå�æ à ãè æ à Ä Å Î&¾êé .
Example. Figure2.6shows a TTS modellingthecontrollerof thedoorof a garage.Thereareseveral

carsin thegarage,andeachcarownerhasaremotecontrolthatcanbeusedto requestthedoorto beopened.
After receiving a request,thedooropensandremainsopenfor ñ time units. If thereis any requestduring
this time, thetimer is restarted,otherwise,thedoorclosesautomatically. Thetime requiredby thedoorto
becomeopenedor closedis between× and Ø timeunits.

2.2.2 Timed Automata

Timedautomata(TA) wereintroducedin [5] asaformalnotationto modelthebehavior of real-timesystems.
A TA is anautomatonextendedwith asetof clock variablesandclock constraints.

Definition 8 Clock constraints[3]
For a setof clocks ò , thesetof constraintsóMåTòNé is definedby thegrammar:

óPåTòNé�Ï:¼rô8É"õeökõÉ.ô8ö{ô&á"õö{õeá.ô8ö�÷ Åbø ÷ Æ
where x is a clock in ò , õ is a constantin ù and ÷êÅ and ÷úÆ are constraintsin óPåTòNé .

Eachstate,called location, hasanassociatedclock constraintcalled invariant thatdescribesthevalid
valuesthat clocksmay have in that location. Transitionsbetweenstatesarecalledswitches, andthey are
extendedwith aclockconstraintcalledguard. A switchcanonly occurif theguardis satisfiedby thevalues
of clocks.After theswitch,someof theclockvariablescanberesetto zero.

Definition 9 TimedAutomata[3]
A timedautomatonis a tuple û�¼^½�ü�¿�ü�ÒmýK¿dÜ¿Áò&¿�þ~¿�ÿ*Â where ü is a finitesetof locations, ü�Òmý��"ü is a

setof initial locations,Ü is a finite setof labels, ò is a finite setof clocks, þ is a mappingcalled invariant
that labelseach location æPÎ&ü with a clock constraint in óMåTòGé , and ÿ��"ü��8Ü����	�
�8óMåTòGé��«ü is the
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Figure2.7: TA modellingthecontrollerof thedoorof agarage.

setof switches. A switch ��������������������� representsa transitionfromlocation  to location �� ona symbol� .� is a clock constraint over � calledguardthat specifieswhentheswitch is enabled,and � ��� givesthe
setof clocksto beresetto zero with thisswitch.

Contraryto TTS, in TA therearetwo waysin which thestateof thesystemmight evolve: timepassing
or executionof switches. In time passing,time canelapsewhile theautomatonstaysin a specificlocation.
In this scenario,the invariantof the locationhasto be preserved, i.e. after the time elapsed,the invariant
shouldstill hold. Theotherwayof changingthestateis a switchfrom onelocationto another. In this case,
theguardof theswitchshouldbesatisfied,andafterresettingtheclocksof theswitchto zero,theinvariant
of thenew locationshouldalsobesatisfied.

Definition 10 Semanticsof a TA [3]
Thestateof a timedautomatonis definedasa pair ��!��"#� where  is a locationand " is a clock valuation

thatsatisfies$�%'&�")( . Such a statecanbechangedaccording to oneof thefollowing transitions:

* Timepassing:For a timeincrement+-,/. , thestatecanevolveas ��!��"#�102 ��!��"435+	� if 687:9�.<;/7�;+-9!$�%=&�">3?7@( is satisfied.

* Executionof a switch: For a switch A of the form �������������������B� , the statecan evolveas �����"#�DC2�� � ��"�EF�G9IH�.	JK� if " satisfiestheguard � and $ %ML &�"�EF��9IH�.	JK( is satisfied.

Example. We will show an exampleof TA modellingan extensionof the exampleusedfor TTS. In
this case,themechanismthatopensandclosesthedoorof thegarageautomaticallycanmalfunction.This
situationcanbedetectedif thedoorof thegaragerequiresmorethan N timeunitsto becomeopened/closed.
In thatcase,thedoorwill ring a bell asa warning. This extendedsystemhasbeenmodeledin Figure2.7.
Contraryto TTS, thereareexplicit clock variables,calledcar anddoor. Theseclockshave to be reset
explicitly in transitions,but timepassingis implicit within states.

2.2.3 Analysisof Timed Systems

Verificationof concurrentsystemshasachieved very successfulresults. This successcan be relatedto
efficient techniquesto traverseor generatethe reachablestatespace.For example,Symbolictechniques,
basedon Binary DecisionDiagrams,canrepresentlarge statespacessymbolically. Therearetechniques
thatoperateonly onsymbolicrepresentations.Suchfully symbolictechniquescanhandlestatespaceswith
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(a) (b) (c) 

Figure2.8: Representationsof timedstates:(a) discrete-basedrepresentation,(b) region-basedrepresenta-
tion and(c) zone-basedrepresentation.

sizesthatcannotberepresentedexplicitly. Bitstatehashingcanbeusedto exploreonly asubsetof thestate
space.Partial order reductionsdecreasethe numberof interleavings of concurrenteventsthat have to be
explored.

Several of thesetechniquescan also be appliedto the verification of timed systems. However, the
complexity of timedverificationis muchhigherthanthatof untimedverification. For eachuntimedstate,
wehavetoconsidertopossiblemomentsin timewhereit canbeenteredorexited. Thisaggravatesevenmore
thestateexplosionproblem.Efficientdatastructuresandalgorithmsarerequiredto representcollectionsof
timedstates.

Timing analysiswith constantdelays

Many resultshave beenachieved in theverificationof hybrid systemsandtimedautomata.In hybrid au-
tomata,statespacesareanalyzedusingconvex polyhedra[63]. In timedautomata,only a restrictedclassof
clock constraintsis supported(seedefinition8). Thanksto this restriction,thetimedstatespaceof a timed
automatoncanbe representedefficiently. Therearethreemajor familiesof representations,which canbe
seenin Figure2.8:

O Discreterepresentations[25]: Clocksareassumedto take only naturalvaluationsP�QSR@T�UVT�WXTZYZYZY . In
somemodels,thismight fail to capturethebehavior of themodel.For example,timedautomataswith
constraintslike [B\^]�_a`/\�b will notbeanalyzableexactlyusingdiscretetime.

O Region-basedrepresentations[2]: A region is asetof clockvaluationssuchthat(i) theintegerpartof
all clocksareequaland(ii) theorderbetweenthefractionalpartof timersis thesame.

O Zone-basedrepresentations[54]: A zoneis a convex setof regions.This setcanberepresentedvery
efficiently asconstraintsin theboundsof clocks [B\=c�de\^]�_?de\^f'b anddifferencesbetweenpairsof
clocks [B\^]B_ chg \^]�_ f di\�b . Thereis anefficient implementationof this set,which is calledDifference
BoundMatrix (DBM).

In thecaseof discreteandregion time representations,thecomplexity lies in therepresentationof sets
of clockvaluations.Zone-basedrepresentationsalreadydescribesetof clockvaluations,but they arelimited
to convex sets,while clock valuationsmay be non-convex. In orderto keeptrack of possiblenon-convex
setsof clock values,a list of zonesshouldbekept for eachuntimedstate.Storingandmanipulatingthese
setsof zones/regions/discrete valuesis the bottleneckof timing analysistechniques.Several approaches
canbeusedto operateefficiently with thesesets.For instance,DifferenceDecisionDiagrams(DDD) [77]
is a symbolicrepresentationfor non-convex setsof zoneswhich sharespropertiesfrom DBMs andBDDs.
A DDD is like a BDD whereeachnode, insteadof being a booleanvariable, is condition of the form[Kj g?k d�\�b . Anotherrepresentationthat is basedon DBMs is NumericDecisionDiagrams(NDD) [55],
which is a symbolicrepresentationfor discretetime. Region EncodingDiagrams(RED) [97] is a symbolic
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representationfor non-convex setsof regions.Thisrepresentationis alsobasedonBDD-principles.Another
symbolicrepresentationfor non-convex setsof regionsthatis basedonBDDsis Clock DifferenceDiagrams
(CDD) [16]. Timedpolyhedra[22] is arepresentationfor non-convex setsof regionsin whichanon-convex
setis definedby theextremalregionsof theset.

Many of thesetechniqueshave beenimplementedinto powerful toolsfor theanalysisof real-timesys-
tems.Someexamplesof thesetoolsareUppal, Kronos, CMC, Cospan andHyTech.

Timing analysiswith symbolicdelays

Theprevioustechniqueswerebasedontheassumptionthatthedelaysof all eventsof thesystemareknown
constants.A morecomplex problemis theverificationof timedsystemswheredelaysarenotfixedapriori.
Theseunknown delaysarerepresentedwith symbols,so theproblemcanbestatedas“timing verification
of systemswith symbolicdelays”or “parametrictiming verification”. For theseproblems,thepreviousdata
structurescannotbeused.The lack of anefficient symbolicrepresentationfor non-convex setsmakesthis
problemverydifficult to dealwith. However, severalformalismshave beenusedwith moderatesuccess.

l Presburger arithmeticsis the first-ordertheoryof naturalnumberswith addition. Even thoughthe
verificationof a Presburger formulahasa polynomialaveragecasecomplexity, theworst-casecom-
plexity is m�n�oVp�qBr8s [83]. Thiscomplexity restrictsthenumberof symbolsthatcanbeusedin aformula.
In [7], Presburger arithmeticsis usedfor theverificationof timing diagrams.In [8], theproblemof
symbolictimeseparation of eventsis studied:for a givenpair of events,upperandlower boundson
theseparationbetweenthemaredeterminedautomatically. However, in bothcasesthesizeof theex-
amplesthatcanbeverifiedandthenumberof symbolsthatcanbeusedis limited by theexponential
worst-casebehavior.

l ParametricDifferenceBoundMatrices(PDBMs) [9] areanextensionof DBMs which supportspa-
rameters(symbols).This representationhasbeenusedto in theverificationof timedautomatawith
symbols[67]. Again, this techniquehasstrongrestrictionson thesizeof thesystemandthenumber
of symbolsdueto thehighcomplexity of theapproach.

Therearemany openproblemsin thisarea.Fromthetheoreticpointof view, decidibilityandcomplexity
of severalproblemsshouldbeestablished.Fromanappliedpointof view, efficientdatastructuresandalgo-
rithmsshouldbedesignedandevaluated,focusingon theverificationof largersystems.Our contributions
in this areacanbefoundin Section4.2.

2.3 Synthesisof EmbeddedSoftware

2.3.1 Intr oduction

This sectionwill be focusedon the problemof static schedulingof concurrent systems. In this problem,
the input is a concurrentspecificationin someformal modelthat allows the representationof controland
data[24,56,91]. The output is a sequentialimplementationthat can be executedon a singleprocessor
withoutoperatingsystemsupport.Noticethatthegoalof thisproblemis differentto thatof staticscheduling
of real-timesystems, wheretheaim is defininganorderingof timedtasksthatsatisfiesasetof deadlines.

For systemswith data-dependentchoices,thestaticschedulingproblemis undecidablein general[24].
In thesesystems,theschedulingproblemis relaxedto quasi-staticscheduling, wheremostof thescheduling
is doneatcompile-timebut thedata-dependentchoicesarepostponeduntil run-time.
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Theproblemof staticschedulingof concurrentsystemsis deeplyrelatedto thekind of representation
that is beingusedto model the embeddedsystem.Therearemany modelsfor the representationof em-
beddedsystems.Dataflow networks [72], CommunicatingSequentialProcesses[66] andKahn process
networks [69] areclassicexamplesof concurrentrepresentations.Thestaticschedulingproblemfor these
representationshasbeenstudiedin [24,73].

Esterel [18] is a concurrentlanguagethatdescribessystemssynchronizedto aglobalclock. Lustre [62]
is asynchronousdataflow language,thatdefinesthesystembehavior asasetof definitionsthatareevaluated
ateveryclockcycle. A survey ontechniquesfor thesynthesisof EsterelandLustrecanbefoundin [57]. The
researchprojectPolis [14] describessystemsusingCo-designFinite StateMachines(CFSM), anextended
asynchronousversionof Finite StateMachines(FSM) which describeboth dataandcontrol. The static
schedulinginsidePolis is describedin [29]. Its successor, theresearchprojectMetropolis, usesahigh-level
representationcalledMetropolis Meta-Model[15], which definesa CSP-like systemwith communication
andsynchronizationprimitives.This representationprovidesa meta-modelin thesensethatthis formalism
is generalenoughto representseveralmodelsof computation.Thesamegenericityis possessedby Funstate
[92], in whichdataandcontrolflow arekeptseparately.

Petri Net basedmodelsarevery popularbecauseof the underlyingtheoryandan intuitive graphical
notation.Thenotionof PetriNetdefinesthecontrolof asystemin awaythatexposesparallelismexplicitly.
However, datais not incorporatedinto the basicnotion, and several extensionsof Petri Nets have been
proposedin orderto definea modellinglanguagefor embeddedsystems.Most of theseextensionsbelong
to thegeneralfamily of coloured Petri Nets[68], but someof theserepresentationsareworth mentioning
becausethey arespeciallydevisedfor embeddedsystems.ExtendedTimePetri Nets(ETPN)[85] extendthe
PetriNet modelswith a separatedirectedgraphmodelingthedatapath.Petri NetbasedRepresentationfor
EmbeddedSystems(PRES)[36] mergesdatainto thePetriNet,whereplacesrepresentvariablesandtokens
representvalues;thereareadditionalguardson thevaluesthatshouldbesatisfiedbeforefiring a transition.
Dual TransitionPetri Nets(DTPN)[96] alsopresentdataandcontrolin thesamePetrinetmodel,this time
by distinguishingtwo kindsof transitions:controlrelatedanddata-related.FlowC [35] is a representation
basedon PetriNetswhereeachtransitionis labelledwith C codethatshouldbeexecutedatomicallyif the
transitionis fired.

This lasttechniqueis speciallyrelevantto theareaof thisdocument,becauseit exhibitsaproblemcalled
falsepathproblemwhich canbeaddressedusingabstractinterpretation.Therestof this sectiondescribes
in somedetail this Quasi-StaticScheduling(QSS)algorithmwhich workson a PetriNet representationof
processes.In section4.3,thecontribution to solve thefalsepathproblemis presented..

2.3.2 Petri Nets

Thissectiondescribesgeneralnotionsof PetriNetsusedin thedescriptionof thealgorithm.Furthertheory,
definitionsandpropertiesof PetriNetscanbefoundin [79].

A Petri Net is a 4-tuple tvu wyxBt{z}|~z��{z����=� where t�w����^zZ�Z�Z��zB�#� is a finite setof places, |�w� �^zZ�Z�Z��z ��� is afinite setof transitions, �e�#xBt���|����Gx�|���t-����� is theflowrelationand ������tS��� is
theinitial marking. Thistuplecanberepresentedby adirectedbipartitegraph,whereanedge� ��z���  existsif��xK��z��@� is positive, which is calledtheweightof theedge.Transitionsaretipically drawn asbarsor boxes,
while placesarerepresentedby circles.

Eachplaceon the Petri Net containsa numberof tokens, definedby a marking � �¡t¢� � . The
numberof tokensin a place� at a marking � is denotedby ��� �£  . Theinitial markingdescribestheinitial
stateof theplacesof thenet.A markingmight enablea transition,meaningthatthis transitioncanbefired;
firing anenabledtransitionmodifiesthemarking,possiblyenablingor disablingothertransitions.Formally,
a transition

�
is saidto beenabledat a marking � if ��� �£ h¤¥��xI��z � � for all �1¦1t . In this case,onemay
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fire thetransitionat themarking,which yieldsa marking §S¨ givenby §¥¨ª© «£¬®�§¯© «#¬)°?±�²I«�³�´�µ�¶/±�²K´·³B«�µ
for each«¹¸�º . In thesequel,§�© ´�»¼§ ¨ denotesthe fact thatmarking § ¨ is reachedfrom marking § by
firing theenabledtransitioń .

A transitionis calleda source transitionwhen ±:²I«�³�´�µ�S½ for all «¾¸¾º . Sourcetransitionsarealways
enabledindependentlyof thecurrentmarking,andthereforethey canalwaysbefired at any time. By this
reason,thesetransitionswill beusedto modelinputeventsfrom theenvironment.

A marking §S¨ is saidto bereachablefrom § if thereis a sequenceof transitionsfireablefrom § that
leadsto § ¨ . Thesetof reachablemarkingsfrom theinitial markingis denotedby © §1¿'» . The reachability
treeof a PetriNet is a treethatcontainsnodeslabeledwith themarkingin © §�¿�» ; theroot nodeis labeled
with §1¿ anda nodelabeledwith § hasa child § ¨ if thereis a transition ´ suchthat §�© ´�»¼§ ¨ . Eachpath
startingat therootof thereachabilitytreerepresentsasequenceof transitionsfireablefrom § ¿ .

A key notionwe usein PetriNetsto defineschedulesis equalconflictsets. A pair of transitionś�À and´�Á is saidto bein equalconflict if ±�²I«�³�´ À µ�S±�²I«�³�´�Á=µ for all «Â¸¾º . Thesetransitionsarein conflict in the
sensethat ´¼À is enabledat a givenmarkingonly if ´ Á is enabled,i.e. if thefiring of a transitiondisableś�À it
alsodisableś�Á . Theequalconflict is anequivalencerelationonthesetof transitions,thatcanbepartitioned
in setof equivalenttransitionscalledequalconflictsets(ECS).For example,thesetof sourcetransitionsis
anECS,whichis denotedby ÃÅÄ . By definition,if onetransitionof anECSis enabledatagivenmarking,all
theothertransitionsof theECSarealsoenabled.Thus,wemaysaythatthisECSis enabledat themarking.

A place« is saidto be a choiceplaceif its hasmorethanonesuccessortransition. A choiceplaceis
EqualChoiceif all thesuccessortransitionsarein thesameECS.

2.3.3 Quasi-StaticSchedulingalgorithm

Assumptions

TheQSSalgorithmpresentedon this sectionworksundera setof assumptionson theenvironmentandthe
system.Theseassumptionsmusthold in orderfor theQSSalgorithmto beappliable.

Weconsiderasystemto bespecifiedasasetof concurrentprocesses.Theimplementationof thissystem
is mappedassoftwareto beexecutedonasingleprogrammableprocessor.

Thesysteminteractswith theenvironmentthroughinput andoutputports.Theinteractionproceedsas
follows: the environmentcanplacean object in an input port at any time; the systemreactsto this input
by performingsomeactions,which mayresultin writing anobjectto anoutputport; theenvironmentcan
consumetheobjectsin outputportsatany time.

The only assumptionmadeon the inputsis aboutthe rate: the rateof the arrivals of inputscannotbe
fasterthanthe rateof processingof inputs. This assumptionis necessarybecauseotherwiseit would be
impossibleto avoid overflow. No otherassumptionsaremadeon the inputs,in particularwe assumethat
thereis nocorrelationamonginputs.

The behavior of eachprocessin the systemis describedby a sequentialprogram,written in FlowC.
Communicationamongprocessesis point-to-pointandoccursthroughuni-directionalFIFOports.

Overview of the QSSalgorithm

Undertheseassumptions,theQSSalgorithmwill generatea sequentialtaskfor eachinput port. Thetasks
areguaranteedto requirea finite memoryfor thecommunicationports,astheQSSalgorithmcomputesa
boundto the maximumnumberof elementsin eachport of the system.If thealgorithmfails to establish
boundfor any port,QSSfails andthesystemis consideredto benon-schedulable. Thesynthesisof tasksis
performedusingPetriNetsastheunderlyingmodel,dueto theirexplicit representationof concurrency.

29



Thecodeof eachtaskmight containdata-dependentcontrolconstructs,like conditionalsor loops,be-
causethey cannotbe resolved without the valuesof data,that areonly availableat run-time. All other
operations,whicharenotdata-dependent,aresequencializedto reducetherun-timeoverhead.

BeforeintroducingtheQSSalgorithmin detail,we will presenta verybrief overview of thethreemain
stepsof thealgorithm:

Quasi-StaticSchedulingalgorithm

CommunicatingsequentialprocessesÆXÇ ÈÆÉÇ PetriNet ÊÆXÇ Setof schedules ËÆXÇ ÆÉÇ Setof tasks

1. Translationinto Petri Net: The concurrentspecificationis translatedinto a singlePetri Net model.
FlowC statementsanddata-dependentconstructsappearaslabelsin this Petri Net. Inputsfrom the
environmentaremodeledassourcetransitionsin thePetriNet.

2. Scheduling: ThePetriNet is analyzedto find all thepossibleexecutionflows thatcanbetakenwhen
aninput reachesthesystem.Thoseexecutionflowscontainactionsthatbelongto differentprocesses
andcanbesequentialized.Theresultis anschedulefor eachinputof thesystem.

3. Codegeneration: The last stepconsistsin generatingcodefor the schedules.The goal of this step
is to reducethesizeof generatedcodeandto take advantageof boundsin communicationbuffersto
increaseperformance,e.g.replacingbuffersof size1 by scalarvariables.

Translation into Petri Net

Thefirst partof theQSSalgorithmis thetranslationof asetof concurrentprocessesinto asinglePetriNet.
This translationis achieved in two steps:compilationandlinking. Briefly, compilationgeneratesa subnet
for eachprocessin thenetwork, while linking combinesthosesubnetsinto thefinal net.

Compilationperformsa syntax-driven translationon the codeof eachprocessto get its subnet. A
placeis createdfor eachport reador written from the process.The FlowC statementsaretranslateddif-
ferently dependingon t: statementsthat do not operatewith ports are labeleddirectly into a Petri Net,
while statementsthatoperatewith portsaredecomposedinto several transitionsuntil basiccommunication
statementsarereached.Thesebasiccommunicationstatements(SELECT, READ, WRITE) aremodeledas
adding/removing tokensto/fromaplacerelatedto aport.

Whentranslatinga compoundstatement(e.g. while loop) that containsa communicationconstruct,
data-dependentconstructsaremodeledasEqualChoiceplaces,labeledwith a booleanconditionandwith
two outgoingarcs,labeledTrue andFalse . Thesuccesortransitionsof suchaplaceconstituteanECS.

Petrinetlinking combinesall thesubnetsfrom all theprocessesinto asinglesubnet.This is doneby (1)
merging placesthat representthesameport into a singleplaceand(2) addingonesource(sink) transition
connectedto eachinput (output)port. This resultingPetriNet modelstheconcurrency in theexecutionof
the processesof the system.As statedpreviously, sourcetransitionsmodel inputsfrom the environment.
Sourcetransitionsarealwaysenabled,modelingthat input transitionscanbefired from theenvironmentat
any time. However, we assumethat the input rateis low enoughto allow the processingof inputsin the
system.

Scheduling

WhenthePetrinetmodelfor thewholesystemis available,thenext stepis thegenerationof a setof traces
that representall possiblebehaviors at run-time. The evolution of a Petri Net canbe modeledby means
of the reachabilitytree, that specifieswhich markingsarereachablefrom the initial marking(andhence
the possiblestatesof the communicationchannels),andwhich transitionscanbe fired (andhence,which
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Figure2.9: (a)Non-schedulablenet,(b) Schedulablenetwith schedule

codewill beexecutedat eachpoint). We do not needto exploretheentirereachabilityspaceto modelthe
behavior of the system,becausewe know that this behavior will be cyclic: wait for input, receiveinput,
reactto input, wait for input again. Therefore,the goal of this phasewill be finding a relevant subsetof
the reachabilityspace,i.e. a relevant subtreeof the reachabilitytree, that is enoughto model the cyclic
behavior of the systemregardlessof the valuesof data,while ensuringfinite memoryfor communication
channels.This relevantsubtreeis calleda schedule, andit providesa sequentialsummaryof theresponse
of all processesin thesystemto inputsfrom theenvironment.This schedulewill beour first steptowarsa
task-basedimplementation.Fromthisschedule,wewill describethebehavior of thesystemwith respectto
asingleinput,andfrom thismodelwewill generatea taskfor eachinputof thesystem.

An importantnotion to bedefinedbeforedescribingschedulesis thenotionof await state. A stateof
the reachabilitytreewherethe only transitionsthat areenabledarethe sourcetransitionsÌÅÍ is calledan
await state. As theonly transitionsthatcanbefiredareinputsfrom theenvironment,anawait statemodels
a situationwherethesystemis waiting for theenvironmentto producean input. Any run of a taskof the
systemwill startin anawait state(thesystemwaswaitingandtheenvironmentproducesaninput) andwill
endin anawait state(the input hasbeenfully processedor it thesystemneedsmoreinputsto continueits
computation).

Thedefinitionof scheduleis basedon this notionof await state.A scheduleof a PN is finite directed
graph,whereeachnode Î is associatedwith a marking Ï¯ÐKÎ�Ñ andeachedge ÐKÒ�Ó�Î�Ñ is associatedwith a
transitionÔÕÐKÒ�Ó�Î@Ñ . Thegraphhas5 properties:

1. Thereis only onenodeÎ associatedwith theinitial marking Ï1Ö .
2. For eachnode Î , theout edgesareassociatedwith transitionsof anECSthat is enabledin markingÏ�ÐKÎ@Ñ . When this ECSis ÌÅÍ , the sourcetransitions,this is an await node. This ECScanmapa

data-dependentconstructfrom theoriginalspecification.

3. For eachedge ÐKÒ�Ó�Î�Ñ , marking Ï�ÐKÎ@Ñ canbereachedfrom marking Ï�ÐKÒ�Ñ firing transitionÏ�ÐKÒ�Ó�Î�Ñ .
4. Eachnodehasat leastonepathto anawait state.

5. Eachawait stateis at leastononecycle

For example,Figure2.9presentstheschedulabilityproblemfor two PetriNets.For eachPN,we try to
build a schedulethat ensuresthe five propertiesstatedabove. Await statesin the schedulesaredisplayed
insideagrayedbox. For net(a)wecannotfind afinite schedule,thusthenetis labeledasnon-schedulable.
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Theimpossibilityto schedulethis netcomesfrom thelack of controlof theinputsfrom theenvironmenta
andb: onecanbefired from theenvironmentindefinitely, thereforewecanreachamarkingwith aninfinite
numberof tokensin theplacesp2 or p3 . However, we canfind afinite schedulefor net(b), asthereaction
to oneinput is independentfrom theotherinputsfrom theenvironment.

A completedefinitionof theschedulingalgorithmcanbefoundin [35]. Intuitively, schedulesarebuilt
assubtreesof thereachabilitytree.Thetraversalstartsat theinitial marking,andit exploresthetreelooking
for a pathto anawait node. Fromthis await node,the treeis exploredfurther to find pathsto otherawait
nodes,andcyclesthat containthe await node. If the treebuilt in this way satisfiesthe 5 propertiesof a
schedule,thena scheduleis built by creatingthecyclesin our subtree.Otherwise,thealgorithmdeclares
thePNasnon-schedulableandterminates.

If afinite schedulecanbefoundfor agivenPN, its propertiesensure:

× Cyclicbehavior: Is guaranteedby properties(4) and(5),becauseanawait statecanalwaysbereached
from thecurrentstate,andanawait stateis alwaysona cycle.

× Correctbehaviorregardlessof thevaluesof data: Data-dependentconstructsarenotevaluatedduring
scheduling,but at run-time. Therefore,the scheduledescribesthe behavior of the systemfor any
run-timevaluesof data.

× Finite memoryfor communicationchannels: Theschedulespecifiesafinite setof reachablemarkings.
Eachmarkingdescribesthenumberof tokensfor eachplace,andhencethecapacityof all thecom-
municationchannelsfor thisstate.By traversingthefinite setof reachablemarkings,wecancompute
theupperboundon thenumberof elementsin eachcommunicationchannel.

Codegeneration

Thelaststepof theQSSalgorithmis thegenerationof anefficient implementationof thescheduleobtained
in thepreviousphase.A directtranslationof thescheduleinto C codewouldbepossible,but thesizeof the
codewouldbeprobablybigger. Wewill take advantageof thetwo facts.First,weknow thatpossiblysome
codefragmentswill bereplicatedin differentpartsof theschedule;we canreducethesizeof thegenerated
codeby generatinga singlecopy of thesecodefragments. Second,we have establishedboundsfor all
communicationchannelsinsidethesystem.If thesourceandtargetof onechannelhave beenmergedin a
sequentialcode,we canreplacethe communicationchannelby a circular buffer of known size,replacing
read/writeoperationsby read/writefrom thebuffer. Moreover, if thebuffer hassizeone,thecommunication
channelcanbereplacedby asinglevariable,gettingahugespeed-upin run-timeandallowing compile-time
optimizationsof thecode.

2.3.4 Falsepath problem

During synthesis,data-dependentconstructsareanalyzedconservatively, in thesensethatall possibleout-
comesof theconstructedareconsideredfeasible.However, theremightbepaths,calledfalsepaths, thatare
unfeasibleat run-time,becausethevalueof thevariablespreventsthatpathfrom beingtaken. In QSS,all
thesepathsarebeingconsidered,somethingwhich leadto inefficiency, andin someextremecases,to the
impossibility to performsynthesisof systemsdueto hugenumberof falsepathsthathave to betaken into
account.Findinganautomaticmechanismto prunethesefalsepathsautomaticallyandstaticallyis anopen
problem.

In section4.3,wepresentourcontribution towardsthesolutionof thisproblem:anautomatictechnique
for thestaticeliminationof falsepathsbasedonabstractinterpretation.
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Chapter 3

Goalsof the thesis

The goal of this thesiswill be the researchof efficient algorithmsanddatastructuresfor the analysisof
concurrentsystems,basedonthetheoryof abstractinterpretation.Thekind of analysisthatwill beexplored
arethosewith applicationto verification, timingverificationor synthesisof concurrentsystems.Also in the
scopeof this thesis,we will implementthe proposedtechniquesinto verificationandsynthesistools and
evaluatetheefficiency andapplicabilityof theproposedapproaches.

The problemof data-flow analysisof concurrentsystemshasa very high computationalcomplexity.
Therefore,themainconcernsin theresearchwill betheefficiencyof theproposedtechniquesandthescal-
ability of theresults,sothatthey canappliedto analyzesystemsof a relevantsize.

Thefollowing problemsandresearchdirectionshave alreadybeenidentified:

Timing analysisof systemswith symbolicdelays

Thereareseveraltechniquesfor computingconservative timing constraintsfor thecorrectnessof concurrent
systems.Thesetechniquesarebasedonanalyzingthesystemwith known constantdelays.

Usingabstractintepretation,it is possibleto computetiming constraintsfor thesystemwithout having
to specifydelays,leaving unknowndelaysrepresentedassymbols. This kind of constraintsarevery useful
in thesensethat they characterizethecorrectnessof thesystemfor any possibledelay. For example,it is
possibleto seethatthecorrectnessof acircuit is independentof thedelayof someof its components.

In this area,we plan to studyalgorithmsfor the timing analysisof concurrentsystemswith symbolic
delays.Theresultsof thisanalysiscanbeapplieddirectly to theverificationof timedasynchronouscircuits.
Partof thiswork hasalreadybeenperformed,andit is presentedin Section4.2.

Synthesisof embeddedsoftware

In the areaof embeddedsystemdesign,the synthesisof sequentialimplementationsfrom concurrentim-
plementationshasa specialrelevance. Efficiency of the synthesizedimplementationis a major concern,
somostof thework shouldbeperformedat compile-time.However, someproblems,like theoutcomeof
data-dependentchoices,cannotbeanalyzedpreciselyatcompile-time.

Abstractinterpretationcansolvethisproblemwith approximatecompile-timeanalysisof data-dependent
choices.Theresultsof this analysiscanbeusedto predictthesizesof communicatingchannels,or detect
pathsof executionthatareunfeasibledueto thevaluesof variables.Section4.3presentsour contributions
in thatdirection.Thereareadditionalbenefitsfrom applyingabstractinterpretationto thesynthesisproces:
thepossibilityof performingperformanceestimationandverificationof thegeneratedcode.
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Study of newabstractionsof numeric values

In theliteratureof abstractinterpretation,thereareseveralabstractionsthatrepresentconstraintsonnumeric
variables.Eachof themprovideauniquetrade-off betweencomplexity andexpressivenessof thesupported
constraints.However, therearesomeproblemsfor whichthereis notanabstractionwith asuitabletrade-off.

For example,in timing analysis,it is ofteninterestingto expressthatthedelayof oneexecutionpathis
smallerthanthedelayof anotherexecutionpath,e.g. Ø£ÙZÚ>Ø!ÛÅÜ/Ø�ÝÞÚvØÉß=Ú>Ø!à . Thesepathconstraintsarelinear
inequalitieswhereall coefficientsarein á�â>ãVä�å@ä�Ú<ã	æ . Clearly, theseconstraintscanonly berepresentedwith
convex polyhedra.However, the fact that all coefficientsare á�â-ãVä�å@ä�Ú�ã	æ could be usedto definea more
efficient representation.

We will studytheperformanceof state-of-the-arttechniquesandexplorealternative representationsof
numericconstraintsthatprovidebettertrade-offs thanexisting representations.

Efficient strategiesfor solvingsystemsof equations

Abstractinterpretationreducesthedynamicbehavior of asystemto asetof equations.Solvingthissystemof
equationsis doneiteratively until afixpoint is reached.Thiscomputationusuallyhasaveryhighcomplexity.
Finding a way to speedup this computationcan provide a hugeimpact in the overall efficiency of the
analysis.

In this area,weplanto studydifferentmechanismsto acceleratetheprocessof findingasolutionto the
systemof equations.Moreover, we intendto studytechniquesto performanalysisof subsetsof thesystem
of equationsin orderto getapproximateresultsquickly withouthaving to wait for convergenceof theentire
systemof equations.

Decidibility and complexity aspects

Many interestingproblemsrelatedto the staticanalysisof systemsareundecidable,becausethey canbe
reducedto the halting problemof the Turing Machine. Abstractinterpretationfacesthoseproblemsby
using approximation,i.e. for someproblems,in addition to “yes” or “no”, the answercan be “I don’t
know”.

In staticanalysistherearealsomany problemsthataredecidablethroughexacttechniques.We planto
studythedecidabilityandcomplexity of theproblemssolvedusingabstractinterpretationtechniques.For
example,we areconsideringpropertiesof a systemthatmight besufficient to ensurethatexactanalysisis
decidible.

Compositionaland hierarchical abstract interpretation

The resultsof staticanalysistechniquescanprovide very preciseinformationaboutthestateof a system.
However, thecomplexity of suchanalysismakesit difficult to beappliedto systemsof a relevantsize.

We will study strategies to divide the analysisof a complex systeminto several analysisof simpler
subsystemsandcomposetheresultsof thepartsfor theverificationof thewholesystem.

Applicability of symbolic techniques

DecisionDiagramtechniquessuchasBinary DecisionDiagramshave beenappliedsuccessfullyto many
domains.Theability to manipulatelargesetsof statessymbolicallyallows anefficient analysisof systems
with very largestatespaces,somethingwhich is very interestingfor ourdomainof study. However, thereis
nosymbolicrepresentationwhich is fully adequatefor abstractinterpretation.
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In ourwork in thisarea,weplanto studyefficientabstractionsof numericvaluesthatcanberepresented
usingsymbolictechniques,andsymbolicversionsof the abstractinterpretationalgorithmthat rely on the
previouslydefinedabstractions.
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Chapter 4

Contributions

4.1 Summary of the contributions

This chapterdescribestheoriginal resultsthathave beenobtainedin theareaof verificationandsynthesis
of concurrentsystems.Themainresearchresultsthatarepresentedin thischapterare:

ç An algorithmfor theautomaticdiscovery of linear delayconstraints thatguaranteethecorrectoper-
ationof a timedcircuit.

The relevanceof this techniqueis basedon the fact that the algorithmworks with symbolicdelays
insteadof requiringknown constantdelaysasin previousworks. Symbolicinformationcanbeused
to implementthecircuit moreaggressively, reducingthe delayof the circuit while ensuringthat no
errormayoccur. This algorithmhasbeenimplementedin a verificationtool andit hasbeenusedto
verify abenchmarkof asynchronouscircuits,includingseveralpatentedcircuits.

ç A proposalof anautomaticalgorithmfor theremoval of false-pathsin QuasiStaticScheduling.

QuasiStaticSchedulingrequiresexploring thepossibleexecutionpathsthatcanbetakenby a setof
processes.Many of thesepathsareunfeasiblebecauseof thedatavalues,e.g. loopsmaynot iterate
infinitely. All thesepathshave to beconsideredduringtheschedulingandincreasethecomplexity of
theschedulingprocedure.Our proposaldescribesa pruningalgorithmthatanalysesdatavaluesand
remove the unfeasible(false)paths.This is thefirst fully automaticalgorithmfor thecompile-time
removal of false-paths.

The remainingof this chapteris organizedin threeblocks: the descriptionof the timing verification
algorithm; the descriptionof the false-patheliminationalgorithm; and the list of the publicationswhere
theseworkshave beenpresented.

4.2 Timing Verification of Concurrent Systemswith SymbolicDelays

4.2.1 Intr oduction

Thecorrectnessof concurrentsystemsoftendependson thetemporalcharacteristics:responsetimes,time-
outs,computationaldelays,etc. Several formalismshave beenproposedto modelsuchsystems,suchas
TimedTransitionSystems[64], TimedAutomata[5] andHybrid Automata[4].

In thesemodels,a systemis specifiedasan automatonwith annotatedtiming information. Given a
property, verificationusuallygivesananswerof thissort:
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Figure4.1: Motivatingexample: (a) anasynchronouscircuit, (b) reachablestateswithout consideringde-
lays,(c-d) reachablestateswith differentsetsof gatedelays.Theshadedareahighlightsthehazardof this
circuit.

í Thesystemis corrector

í Thetrace î leadsto a failure

where î is a sequenceof eventsannotatedwith time. However, the previous answeris only valid for the
particulartiming informationprovidedfor thatinstanceof thesystem.Let usassume,for example,thatthis
informationis thesetof gatedelaysof acircuit. Theanswerwouldonly bevalid for aparticulartechnology,
andcouldnot beextrapolatedto othertechnologies.Would it bepossibleto give a characterizationof the
circuit asa setof timing constraintsthat could guaranteethe correctnessof the circuit andthat would be
independentfrom the technology?.For example,the following answerwould bemuchmoremeaningful:
Thecircuit is correct if ïÉðªñ�ò·óõô�ïÉðªñvö'óø÷ ïXðªñúù=óõô¹ïÉðªñúû=ó�ô�ïXðªñúü'ó ý

ïÉðªñ ö óø÷ þ�ïXðªñúÿ=ó�ô���ïÉðªñ���ó
where

ïÉðªñ��ªó
denotesthedelayof thegate

ñ��
. Theadvantageof this typeof answeris obvious. However,

this requiresananalysiswith symbolicdelays,thatmakesverificationmuchmorecomplex.
Thissectionpresentsanalgorithmicapproachfor theautomaticdiscoveryof linear constraintsin timed

systemsthat guaranteetheir correctness. Oneof themainmotivationsof this work is thecharacterization
of thebehavior of asynchronouscontrollers.Thecorrectnessof thesecircuitsoftendependson theactual
delaysof the gates. Undercertaingatedelays,the circuit may manifesthazardousbehavior that canbe
propagatedto someoutputsignalandproducea failure.Thepurposeof theverificationis to derive a setof
linearconstraintson thegatedelaysthatguaranteea hazard-freebehavior. Eachconstraintusuallyrefersto
a pair of structuralpathsin thecircuit whosedelaysmustberelatedby an inequality(e.g. delay(path

ò
)
÷

delay(path
ö
)).

Thecomplexity of theproblemrestrictsthesizeof thecircuits thatcanbeverifiedwith this approach,
sinceexplicit representationsof the statesarerequired. So far, circuits with up to 15 symbolshave been
verified. This makesthe approachspeciallysuitablefor the verificationof small circuits whosebehavior
dependson thetiming characteristicsof thecomponents,suchasasynchronouscontrollers.Someexamples
of thesecontrollersarethe IPCMOScircuits from IBM [90], theself-resettingdominocontrollersusedin
the integer executionunit of the PentiumR

�
4 processorfrom Intel [65], or theGasPFIFO controlcircuits

from SunMicrosystems[94].

4.2.2 A motivating example

Beforedescribingthe technique,we will discussa motivating examplefrom the domainof asynchronous
circuit design.Asynchronouscircuitsdo not usea globalclock for synchronization,but additionaldesign
andsynthesiseffort is requiredin orderto make surethat the implementationis freeof hazards [78]. In a
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discretemodelof acircuit, ahazardcanbeconservatively modeledasasignaltransitionthatdisablesagate
thatwaspreviouslyenabled,i.e. beforeagatecompleteschangingtheoutputsignal,inputsignalschangeto
a statewheretheoutputsignalno longerneedsto bechanged.In theanalogworld, ahazardcanmanifesta
momentarypulsethatcanproduceacircuit malfunction.

Figure4.1(a)describesan asynchronouscircuit with threegates. Figure4.1(b)depictsthe reachable
statesannotatedwith thesignalvalues�
	��������� , startingfrom all signalsatzero.In theuntimedstatespacea
hazardoccursin state����� , wheretheoutputof thebuffer is zero,but it is changingto 1. If theinverter( 	�� )
completesfasterthanthebuffer ( ��� ), thenthebuffer is disabled.However, this reachabilitygraphdoesnot
take gatedelaysinto account.Thereachabilityof thehazarddependson thedelays,beingreachablefor the
delaysin Figure4.1(c)andunreachablefor thedelaysin Figure4.1(d).

The approachpresentedin this sectionaimsat discovering the necessaryrestrictionsthat have to be
satisfiedby the delaysto avoid all hazards,providing a moregeneralresult than thoseof non-symbolic
techniques,thatcanonly prove or disprove theexistenceof hazardsfor a setof known delays.An example
of theconstraintsthatcanbecomputedautomaticallywith this techniqueis:

�
buf ��� inv � � or

where � and
�

representthe minimumandmaximumdelaysof thegates.This restrictionis sufficient to
avoid thehazardin this circuit, so thatanychoiceof delaysthatsatisfiesthis propertywill not exhibit the
hazard.Themostinterestingaspectof thischaracterizationis thatit is technology independent.

4.2.3 Timing Verification without Symbols

Severaltechniquesfor computingconservative timing constraintsfor thecorrectoperationof asynchronous
circuits areavailable in the literature. The main differencebetweenthis sectionandtheseapproachesis
that they arebasedon analyzingthe circuit with known constantmin-maxdelaysin gatesandwires [17,
26,34,71,84]. The approachpresentedin this sectioncandealwith unknowndelaysthat arerepresented
assymbols. Therefore,theanalysiscanbeperformedwithout makingany assumptionon thedelayof the
componentsof thecircuit or theeventsof theenvironment.

Therehave beenfew contributionsrelatedto timing analysiswith symbolicdelays.In thesecontribu-
tions,Presburgerarithmeticshasbeenusedfor theanalysisof timedsystemswith symbolicdelaysin several
relatedproblems.In [7], anapplicationto theverificationof timing diagramswith symbolicdelaysis pre-
sented.In [8], Presburgerarithmeticsis appliedto theproblemof symbolictimeseparationof events, which
is vaguelyrelatedto timing verification.However, theefficiency of thetechniquepresentedis thissectionis
superiorto thatof Presburgerarithmeticsregardingboththenumberof symbolsthatcanbehandledandthe
sizeof thesystemsthatcanbeanalyzed.

Thekind of timing constraintsthatcanbecomputedin othertechniquesalsodiffersfrom ourapproach.
Thefirst classof constraintsis metrictimingconstraints,i.e. constantmin-maxboundsfor thecomponents
of a circuit. In [71], contraintsare describedas boundeddelayscalled delay paddingsthat have to be
introducedin the circuit to guaranteecorrectness.[26] computesdelaypaddings,plus the requireddelay
boundson input events.Anothergroupof constraintsis relativetiming [17,34,70,84], i.e. constraintsthat
describetherelativeorderamongconcurrentevents.Ourapproachcancomputeawiderclassof constraints,
linear constraints. Therefore,our analysisprovideslessconservative timing constraints,thatcanyield an
increasein performance.

Our approachusesconvex polyhedraastheabstractionto representsetsof timedstates.In [50] convex
polyhedraareusedto analyzelinear relationsamongvariables,in the context of algorithmsfor the static
analysisof programs.To preserveclosednessin setoperations,polyhedracanonly representapproximations
of the statespace.For example,theunion is not closedfor convex polyhedra.As anoverapproximation,
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Algorithm AbstractInterpretation( � ,  "!$# )
Input: A graph��%'&)(+*-,/. with initial node021 andinitial constraints !$# .
Output: Theabstraction3547698 for all nodesandedges.

foreach node1;:<( do 3547698=&>1?. := @ ; endfor
foreach edgeAB:+, do 3547698C&)A�. := @ ; endfor35476982&D021?. :=  !$# ;EGF�H 1JI�ALK := ML(ON ;
do 1 := nodein EGF�H 1JIPALK with lowestDFSnumber;EQFRH 1JI�ASK := EGF�H 1JIPALK9T�1 ;

foreach edge1VUWYX :+,1ZAS[]\]^ X A := _a` H 1?bLcJAS`�&D35476"82&>1?.-. ;
if ( 1ZAS[]\]^ X Aedf35476"8C&DA�. ) continue ;3g47698C&DA�. := 1ZAS[]\]^ X A ;
if ( 35476"8h&DA�.gdf3g47698C& X . ) continue ;
if ( A is abackedge)35476"8C& X . := 3547698C& X .-i<&D35476"82&DA�.Rjk35476"82& X .l. ;
else35476"8C& X . := 3547698C& X . j 3g47698C&)AL. ;EGF�H 1JIPALK := EGF�H 1JI�ALK j M X N ;

while ( EGF�H 1JIPALK<m%n@ );

Figure4.2: Abstractinterpretationalgorithm

the convex hull is usedinstead. This strategy hasalso beenusedby other authorsfor the approximate
verificationof real-timesystems[53], linearhybridautomataandsynchronousprogramswith counters[63].
Linear hybrid automataandsynchronousprogramsdiffer from timed transitionsystemsin the condition
requiredfor an event to happen,i.e. thereis no restrictionon the time elapsedsincean event becomes
enabledfor firing until it is finally fired, contraryto the lower andupperboundrequirementsdefinedin
timedtransitionsystems.

4.2.4 Timing analysisalgorithm

Eventsof a TTS can only be fired if their lower and upperboundrestrictionsare satisfied. Intuitively,
eacheventhasanassociatedeventclock thatstorestheamountof timeelapsedsincethetransitionbecame
enabled.Eachtime anevent is fired, eventclockshave to bemodifiedaccordingly. Analysisof thevalues
of eventclockscanrevealwhetheraneventcanbefiredor not in agivenstate.

Thissectionpresentsanalgorithmthatcomputesaconservative upperapproximationof theeventclock
values. Approximationswill be propagatedandcombinedusingfixpoint techniquesdescribedin abstract
interpretation.

Abstract interpretation for Timing Analysis

For theproblemof timing analysisof aTTS, aconfigurationis asetof valid assignmentsof constantvalues
to clocksandsymbolicdelays.We will abstractthesetof valid assignmentsasa convex polyhedronthatis
anupperapproximationof this set,i.e. all valid assignmentsareincludedin thepolyhedron.Theconvex
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polyhedronwill describethelinearconstraintsthataresatisfiedamongclockvaluesandsymbolicdelaysin
all thesevalid assignments.

Therewill be two kinds of locationsof interestof our timing analysisof TTS: statesandtransitions.
We will notetheabstractionin a given location o as prqtsvuxw
ozy , even thoughtheabstractionhasa different
meaningfor statesthanfor transtions.

{ In states,we areinterestedin thevalueof clockswhena stateis reached,i.e. thepreconditionof the
state.

{ About transitions,wewould like to computethevalueof clocksafterthetransitionhappens,i.e. after
firing anevent.Thiscanbeconsideredascomputingthepostconditionof thetransition.

In orderto definethetiming behavior of thesystem,wehave to build asystemof equationsthatdefines
how time elapses.Whenan stateis reached,several eventsbecomeenabledwhile othereventsthat were
enabledpreviously continueto beenabled.Theseeventshave to befired accordingto its lower andupper
delaybound,takinginto accountthatsomeeventshavealreadybeenenabledfor sometime. Wehavedefined
asymbolicfunctioncalledtransfer(explainedin detailin section4.2.4)thatadvancestheclockvalueswhile
satisfyingall upperandlower bounds.Usingthis function,theabstractionsfor statesandtransitionscanbe
definedasthefollowing systemof equations:

{}|�~����������� prqtsvuxwa�=y9������� ~��=� ���Zw�prqtsvuPw ~ y�y
{}| �����/� ~����������� pBqts�uxw � y]����prqts�uxwa�2y
Figure4.2describesanalgorithmthatcomputesasolutionfor thissystemof equationsusinga increasing

fixpoint. Eachlocationstartswith anemptysetof valid assignmentsto clocksandvalues,i.e. andempty
abstraction.Thealgorithmappliestheequationsiteratively aslong astheaddnew valid assignments.The
solutionis reachedwhenthereis a fixpoint, i.e. applyingall equationsanothertimedoesnot yield any new
statesin any locationof thesystem.

Termination,i.e. convergenceof thesystemof equations,is guaranteedby usinga wideningoperator
( ���+� ) for loops,asdiscussedin Section2.1.3.

The clock transfer function

Thecoreof theanalysisis theclock transferfunctionthatcomputessymbolicallythechangesin clockvalues
afterfiring anevent. Clock valuesarerepresentedby a convex polyhedron,with onedimensionperevent
clock andonedimensionpersymbolicdelay. Therestrictionsof this polyhedronrepresenttherestrictions
on the clock valuesin a given state. Intuitively, the purposeof the transferfunction is to make surethat
whenever anevent � is fired,its delaybounds� � and   � aretakeninto accountandaddedto therestrictions
on theclockvalues.

Eventclocksfor enabledeventsstoretheamountof timeelapsedsincetheeventbecameenabled,while
disabledclocksareundefined,i.e. thereis no restrictionon their value. After firing anevent,eventclocks
shouldbeupdated,becausesometime haselapsedsincethefiring of the lastevent to thefiring of current
event.This timespentin thestateis calledclockstep, andit shouldsatisfythefollowing properties:

{ Stepshouldbe ¡£¢ , i.e. nonegative time increments.

{ Stepshouldbe long enoughto ensurethat the firing of � happensat least � � time units after � was
enabled.At thesametime, it shouldbeshortenoughto ensurethat � is fired at most   � time units
afterbecomingenabled.
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Algorithm transfer( ¤Q¥�¦ , §P¤Q¨ , © , ª )
Input: An event ¤Q¥L¦¬« §=¤Q¨ with preconditionª .
Output: Thepostconditionof ¤Q¥�¦¬« §P¤Q¨ .
ª := ª¯®±°
¤Q¨²©-³+´¶µ2· ;ª := ª¯®±°)¦�¸D¹�¦Qº «z» ¤G¨²©�³¼´¯§ « · ;ª := ª¯®±°)¦�¸D¹�¦Qº «z» ¤G¨²©�³¼½¯¾ « · ;foreach event ©L¿ÁÀÂ © : ©L¿ÄÃ¼Å�°)¤Q¥�¦G·ª := ª¶®;°)¦�¸D¹�¦Gº «aÆ » ¤Q¨²©-³+½¶¾ «aÆ · ;foreach event ©L¿ÁÀÂ © : ©L¿ÄÃ;ÇQÅ�°
¤Q¥L¦Q·ZÈÉÅ�°D§P¤Q¨l·$Êª�Ë ¦�¸)¹�¦Gº «²ÆÁÌ Â ¦�¸D¹�¦Qº «aÆ » ¤Q¨²©�³xÍ ;foreach event ©L¿ÁÀÂ © : ©L¿ÄÃ¼Å�°D§P¤Q¨l·Z®<©L¿�ÎÃÉÅ�°)¤Q¥�¦G·ª�Ë ¦�¸)¹�¦Gº «²ÆÁÌ Â µ�Í ;foreach event ©L¿ÁÀÂ © : ©L¿ÄÃ¼Å�°)¤Q¥�¦G·�®�©L¿�ÎÃ<Å�°)§=¤Q¨l·ª�Ë ¦�¸)¹�¦Gº « Æ Ì ÂeÏ Í ;if ( ©rÃ<Å�°D§P¤G¨l· ) ª�Ë ¦�¸)¹�¦Gº « Ì Â µhÍ ;else ª�Ë ¦�¸)¹�¦Gº « Ì ÂeÏ Í ;ª�Ë ¤Q¨²©�³ Ì ÂeÏ Í ;return ª ;

Figure4.3: Clock transferfunction

a a  P [ clock   :=  clock    + step ]

e  P [ clock   :=  ? ]

b  P [ clock   :=  ? ]

c  P [ clock   :=  0 ]
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  P := P /\ (step    0)

transfer( e , P ) =

  P [ step :=  ? ]
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  P := P /\ ( clock   + step             )
  P := P /\ ( clock   + step             )
  P := P /\ ( clock   + step             )
  P := P /\ ( clock   + step             )
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Figure 4.4: Exampleof the transferfunction for an event î , with the postcondition
æ
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ï Stepshouldbeshortenoughto ensurethatany transitionthat is enabledbeforefiring ð is not forced
to fire dueto its upperboundconstraint.

Oncetheclock stephasbeendefined,theupdatein eventclockscausedby thefiring of anevent ð can
bedefinedas:

ï eventsthataredisabledbeforeandafterfiring ð keeptheirclocksunchanged.

ï eventsthatareenabledbeforeandafterfiring ð have theireventclocksincreasedby theclockstep.

ï eventsthatbecomeenabledby thefiring of ð have their clocksetto 0.

ï eventsthatbecomedisabledby thefiring of ð have theirclockundefined.

Figure4.3describesthealgorithmthatcomputesthetransferfunctionusingconvex polyhedraoperators.
Figure4.4shows anexampleof thecomputationthatwouldbeperformedby thealgorithm.Eventsthatare
enabledbeforeandafter firing event ð have beenincreasedby anamountin the interval ñ ò�óCô�õ+ó�ö , i.e. the
unknown clockstep.Also, noticethatsomeconstraintsamongthesymbolicdelaysof differenteventshave
beendiscovered.Theseconstraintswereimposedovertheclockstepduringthetransfer, andimpliedseveral
restrictionsonthedelaysthataremadeexplicit whenvariablestepis undefined.For example,therestriction
õ+÷+ø�ò ó meansthatevent ð canbefired only if ù is not fasterthan ð . Otherwise,thepostconditionof this
transitionwould beempty, i.e. no assignmentto clock andsymbolicdelaysis consistentwith thefiring of
theevent.Thisrestrictionis impliedby theconstraintsúLû�üPúLýR÷?þ ÿ � ð����£õ+÷Rô�úSû�üPú�ý ó þ±ÿ � ð�� ø ò ó , úLû�ü=ú�ýR÷��	� ,
úLû�ü=ú�ý ó �	� .

Theclock transferfunctiondescribedin thissectioncanbeeasilymodifiedto dealwith symbolictimed
automatainsteadof TTS. Checkinglocationinvariantsandenablingconditionsfor transitionscanbemod-
eledasaddinglinearconstraintsto thepolyhedron,andresettingclockscanbedonewith linearassignments,
bothof whichareavailableoperationsonpolyhedra.Thetransferfunctionfor timedautomatawouldbede-
finedas(1) increaseclocksby step,(2) checkthesourcelocationinvariant,(3) checktheenablingcondition
of thetransition,(4) resetclocks,(5) checkthetargetlocationinvariantand(6) undefinestep.

4.2.5 Verification of safetypropertiesusing timing analysis

Timing analysisprovides the requiredconstraintsfor the reachabilityof the statesand transitionsof the
TTS. However, we arelooking for the complementaryconditions,i.e. the conditionsthat renderfailures
unreachable.Therefore,an algorithmis neededon top of timing analysisto extract selectedconstraints
from thoseprovidedby abstractinterpretation.Thisalgorithmis presentedin Figure4.5.

Theinput is thespecificationof a TTS: a setof discretevariables,a transitionrelation,an initial state,
andthedelaysof eachevent.Additionally, apredicatedescribingthefailurestatesandaninvariantof known
delayconstraintsarealsoprovided. Theoutputis a setof sufficient constraintsthatensuretheabsenceof
failures.

Thefirst stepis thecalculationof thereachablestatespaceusinguntimeddepth-firstreachabilityanal-
ysis.During this stage,failureedgesandstateswill beidentified.Also duringthis traversal,all back-edges
of loopsareidentifiedandnodesarenumberedin quasi-topologicalorder;this orderwill beusedto speed
upconvergenceof theabstractinterpretationanalysis.

Timing analysiscanthenbeperformedontheTTS. Theresultof thisstepwill beapolyhedronattached
to eachstateandtransitionof theTTS, includingtheedgesthat leadto a failure. Thepolyhedronattached
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Algorithm Verification( 
 , � , � )
Input: A specificationof a TTS 
 , a predicate� describingfailurestatesandtransitions,
anda predicate� describingknown restrictionson thesymbolicdelays.
Output: A setof constraintson the symbolicdelaysthat is sufficient to avoid the failures
definedby � .


:= ���������������������� �!#"$�%�& �'��('�)*
,+-�/.10�32�"4'���56�7��"8�9' := � ;

do !:�3'���56���3�(�;"8�(�<5�=�56�<�(������2�">)  +?�32�"4'���56����"8�9'<. ;@
:= setof linearconstraintsrequiredto reacha
failurethatarenot impliedby �32�"4'���56���A"8�9' ;

choosea linearconstraint� from
@

;�B2�"4'B��56����"8�9' := �32�"4'���56���A"8�9'DCFE,� ;
while (any failureis reachableCG�32�"4'���5�����"8�9'�HIKJ �%�*'<� );L �32�"4'���56����"8�9' IMJ �%�A'�� implies an unavoidable failure N
return �32�"4'���5�����"8�9' ;

Figure4.5: Main algorithmfor verification

to eachof theseedgesdescribesconstraintsthatarerequiredto reacha failure. If any of theseconstraintsis
false,thefailurewill beunreachable.For example,if onepolyhedronhastheconstraints,

O�PRQTSVUXWZY>[\O�]_^T`>Y

then,theconstraintthatmakessurethatthefailureis unreachableis thefollowing disjunction

O�PRaTSVUXWZY>b\O�]_cT`>Y

Thealgorithmproceedsby choosingoneof theselinearconstraintsat a time andaddingit to theinvariant.
Currently, thischoiceis performedinteractively, eventhoughwehaveplansto automatethisprocedure.The
verificationcontinuesuntil all failureshave becomeunreachableor the invariantis false. A falseinvariant
means“cannotfind aconstraintthatmakesthesystemcorrect”. It canhappenif thesystemhasanunavoid-
ablefailureor thealgorithmcannotfind sufficient constraintsdueto approximation.On theotherhand,the
algorithmmight returnthe initial invariant,which meansthatno additionalconstraintsarerequiredfor the
correctnessof thesystem.

Approximation in the analysis

Theproblemof computingthesetof feasibleclock anddelayvaluesis computationallyexpensive. This is
thereasonwhy we areusinganapproximateanalysistechnique,suchasabstractinterpretation,insteadof
trying to computeanexactsolution.In thecontext of ourproblem,wecalculateanupperapproximationof
thestatespacethatguaranteesno falsepositivesin theverificationof safetyproperties.

Thesourceof approximationcomesfrom theunionof reconvergentpaths.In caseof acyclic reconver-
gence,theunionis approximatedby theconvex hull. In caseof cyclic reconvergence,thewideningoperator
mustalsobeusedto guaranteetheconvergenceof thealgorithm. This techniqueis crucialwhensymbols
areusedto representdelays,asthenumberof iterationsof a loop maydependon theactualdelaysof the
components.Sincethedelaysaresymbolic,thisnumbermaybeunknown.
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Figure4.6: Cyclic behavior to illustratethewideningoperator.

Figure4.6 depictstwo cyclic behaviors definedby thebackedged;egf-hikj dml . Let asassumethateach
event nZo hasafixeddelay prq�n6o?s . In Fig. 4.6(a),thecorrectnessof thesystemis independentfrom thedelays
of nZe and n;t . However, the absenceof the wideningoperatorwould producethe following sequenceof
polyhedrain d l :

iter. Time(dml )
0 u6v fBwyx u6v f�z{x

|~} u6v f-��x prq�nZ�7sy��p�q�nZ��s
1 u6v f w �Tprq�nZe7s���prq�nZt�s:�Tprq�n%l�s } u�v f z{x

|�}
u6v f-� x u6v fBw ��p�q�n � s } u6v f?� �Tprq�n � s�6�6� �6�6�� u6v fBw �

��� prq�nZe�s�� ��� prq�nZt7s��Tp�q�n�l�s } u6v f-z x
|�}

u6v f-�/x u6v fBw ��p�q�n;�7s } u6v f?� �Tprq�n6��s�6�6� �6�6�
wherethepredicate

u6v fBw �
�>� p�q�n;e7s�� ��� prq�nZt�s

resultsfrom theconvex unionof thesamepredicatewith equalityinsteadof � , for all
| �	v�� �

. With the
wideningoperatorappliedafter thefirst iteration,thepolyhedronrepresentingTime( d�l ) would bereduced
to

u6v f w �Tprq�n%l�s } u6v f z/x
|X} u6v f ��x u6v f w ��p�q�n � s:�Tprq�n � s

This polyhedronwould becomeinvariant in the following iterations. After verification,the conditionfor
absenceof failurewouldbethefollowing:

p�q�n � s:�Tprq�n � s���p�q�n�l�s
Figure4.6(b)depictsa situationof a non-convex conditionfor theavoidanceof failures.It is easyto prove
thatthesystemis correctif thefollowing predicateholds:� � � |F�m�>� prq�nZe7s���q � i�� s � prq�nZt�s:�Tprq�n%l�sy� �D� p�q�n;e7s>� ��� p�q�n;t7s1s
Unfortunately, theexistentialquantifierrepresentsa disjunctionthatcannotbeexpressedasa convex poly-
hedron.In thiscase,thepredicatefor Time( d�l ) wouldbe:

u6v fBw
� |~} u6v f3w �Tprq�n l s } u6v f�z/x

|
This abstractiondoesnot show dependenciesbetweensymbolic delays. Therefore,the verification

would not be ableto provide any setof linear constraintsto avoid the failure, even thoughthereareval-
uesfor delaysthatmake thecircuit correct.
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Figure4.7: GasPFIFO controller. Eachshadedareahasbeenmodeledwith a differentsymbolicdelay. On
theright, thediscoveredtiming constraintsthataresufficientto guaranteethecorrectoperationof thecircuit.

4.2.6 Experimental results

In thissection,weshow someexamplesof asynchronouscircuitsthathavebeenverifiedusingthepresented
timing analysistechnique.

GasPFIFO controller

WehaveformallyverifiedaGasPFIFOcontrollerfromSunMicrosystems[94]. Thiscircuithandlestheflow
of databetweenstagesof a pipeline: whenever thepreviousstageis FULL andthenext stageis EMPTY,
the control circuit (a) producesa pulseto the datalatch in orderto make it transparent,(b) declaresthat
thenext stageis FULL and(c) declaresthat thepreviousstageis EMPTY. Thestateof a stageis encoded
in a singlewire, whereEMPTY (FULL) is encodedasHI (LO). Figure4.7 shows the controllerof one
stageof a pipeline. Theenvironmentof this controllercorrespondsto the previous andnext stagesof the
pipeline.Noticethatwire ²�³ correspondsto thewire ´m³ in thepreviousstageof thepipeline.Thebehavior
of theenvironmentis modeledwith SignalTransitionGraphs(STG)[30]. Environmenteventssuchas µ�¶
or ·�¸ describetherisingor falling of signals,andits delaymodelsthetimerequiredto fire aneventsinceit
becomesenabledin theSTG.

This asynchronouscontroller is designedto achieve a very high throughput,so it dependson timing
constraintsfor its correctoperation.In [70], this circuit is verifiedandsufficient relative timing constraints
to ensurecorrectnessarederived.However, it is hardto translaterelative timing constraintsinto constraints
on thedelaysof thecomponentsof thecircuit.

Thecorrectnessof thecircuit hasbeenverifiedwith respectto threecriteria: absenceof short-circuits;
absenceof hazards, i.e. onceaneventbecomesenabled,it doesnotbecomedisabledbeforebeingfired;and
conformance, i.e. all outputeventsproducedby thecircuit areexpectedby theenvironment.Thesecriteria
canbesatisfiedwith thetiming constraintsthatappearin Figure4.7.

Asynchronouspipeline

Wehavealsoverifiedanasynchronouspipelinewith differentnumberof stagesandanenvironmentrunning
atafixedfrequency. Theprocessingtimerequiredby eachstagehasdifferentmin andmaxsymbolicdelays.
Thesafetypropertybeingverifiedin this casewas“the environmentwill never haveto wait before sending
new datato thepipeline”. Figure4.8showsthepipeline,with anexampleof acorrectandincorrectbehavior.
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req OUT
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# of TTS # of CPUTime
stages States Trans symbols (seconds)

2 36 88 8 0.6
3 108 312 10 2
4 324 1080 12 13.5
5 972 3672 14 259.2

Figure4.8: (a)Asynchronouspipelinewith N=4 stages,(b) correctbehavior of thepipelineand(c) incorrect
behavior. Dots representdataelements. On the right, the CPU times requiredto verify pipelineswith
differentnumberof stages.

Thetool discoveredthatcorrectbehavior canbeensuredif thefollowing holds:

¹�ºB»½¼�¾À¿ÂÁÄÃ6Ã6Ã�ÁÅ¹�ºB»�¼�¾G»XÁÅ¹�ºB»�¼�¾GÆ�Ç4È
where

¾FÉ
is thedelayof stageÊ , and

¹�ºB»
and

¾GÆ�Ç4È
referto environmentdelays.Thispropertyis equivalent

to:

¹ ºB» ¼�Ë�Ì�Í¯Î�¾ ¿ZÏ Ã6Ã6Ã Ï ¾ »§Ï ¾ ÆDÇ4ÈÂÐ

Therefore,thepipelineis correctif theenvironmentis slower thanthesloweststageof thepipeline. CPU
timefor thedifferentlengthsof pipelinecanbefoundin Figure4.8.

Other examples

Wehavealsoverifiedasetof asynchronouscircuitsavailablein theliterature,definedasanetwork of simple
gatesplusa STGmodelingthebehavior of theenvironment.In thesecircuits,correctnesshasbeendefined
asabsenceof hazards andconformancewith theSTG.Table4.1 shows thesizeof thecircuits,STGsand
thecomputedTTSs,thenumberof symbolicdelays,thenumberof constraintsrequiredfor correctness,and
theCPUtimeusedfor theverification.

Figure4.9 shows an exampleof non-speedindependentasynchronouscircuit. Gatedelayshave been
dividedin thefollowing categories:OR-gates( ÑÓÒ ÏBÔÖÕ ), 2-inputAND gatesÑØ× Ï3ÙÚÕ ), 2-inputAND gateswith
an inverter ( Ñ Û ÏBÜ:Õ ), 3-input AND gateswith an inverter ( Ñ Ý Ï�ÞyÕ ) and environmentevents( Ñ ß Ï3à�Õ ). The
restrictionsonsymbolicdelayscomputedby our tool to ensurecorrectbehavior are:

Î Þ	á ÝãâXßRâ�Ò Ð Á\Î Ù�á ÝRâ�ßãâ�Ò Ð

4.2.7 Conclusionsand futur e work

An algorithmfor symbolictiming analysisof concurrentsystemshasbeenpresented.The outputof the
algorithm is a conservative approximationof the valuesof clocksand symbolic delaysin the reachable
statesof thesystem.An applicationhasbeenshown by computingtheconstraintsof gateandinput delays
in anasynchronouscircuit thatguaranteecorrectbehavior. Remarkably, theapproachworksfor morethan
15symbolicdelayswithin a reasonabletime.

Thetechniqueis well suitedfor analyzingsmall-sizedtimedcircuitssuchasasynchronouscontrollers.
Thesecircuitsoftenoperateat very high throughputs,andthey heavily rely on stringenttiming constraints
to ensurea correctbehavior. However, morecomplex circuitscanalsobeverified if (a) they areanalyzed
at a higherlevel of abstractionor (b) someof thedelaysaredefinedasconstantdelaysinsteadof symbols.
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Figure4.9: (a)Timedcircuit for thenowick example,(b) STGmodelingthebehavior of theenvironment,
and(c) exampleof a hazardtraceavoidedby thediscoveredconstraintsonsymbolicdelays.

Table4.1: Experimentalresults
Example Circuit STG TTS # of # of CPUTime

Signals Gates Places Trans States Trans symbols constraints (seconds)
nowick 10 7 19 14 60 119 10 2 0.5

gasp-fifo 9 7 10 8 66 209 12 10 8.1
sbuf-read-ctl 13 10 19 16 74 157 14 4 1.2

rcv-setup 9 6 14 15 72 187 12 8 2.1
alloc-outbound 15 11 21 22 82 161 19 3 1.3

ebergen 11 9 16 14 83 188 13 5 1.3
mp-forward-pkt 13 10 24 16 194 574 12 6 1.9

chu133 12 9 17 14 288 1082 7 3 1.3
converta 14 12 16 14 396 1341 14 13 20.4
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Futurework will try to broadentheareaof applicationof this technique,in orderto handlebiggercircuits
with moresymbolicdelays.Weplanto userepresentationsbasedonBinaryDecisionDiagramsto represent
setsof statesandtiming constraintssymbolically.

4.3 Schedulingof Concurrent Systems

4.3.1 Intr oduction

Embeddedsystemsaredriving researchfrom the electroniccommunitydueto their widespreaduse. The
designof embeddeddevicesrequiresa multidisciplinarknowledgeof softwareandhardwaresystems.It
alsorequiresapreciseknowledgeof how thesysteminteractswith theenvironment.

Theimplementationof embeddedsystemsis generallya softwarecomponentrunningon top of a hard-
warearchitecturethatmight includeseveralCPUs,DSPs,co-processors,andsoon. Thesynthesisof this
software-hardwaremixedimplementationdefinesthreeproblems:(a)amappingfrom elementsof thespec-
ification to hardwareandsoftwarecomponents,(b) anallocationof softwarecomponentsto hardwarecom-
putationunits(e.g.CPUs)of theembeddedsystem,and(c) aschedulingof thesoftwarecomponentsin each
of the hardwarecomputationunits. Technologymappingandallocationaredependenton several factors,
including costand technologyconstraints.However, the remainingschedulingproblemallows a formal
approachasit is only dependenton theconstraintsdictatedby theenvironment.

In thecaseof reactivesystems,theschedulingproblemis subjectto timing constraintsontheresponseto
theinputsfrom theenvironment.Minimizing run-timeof theinput processing,if possible,andminimizing
idle CPUtime will themainconcernsof theschedulingalgorithm.Theformer is a matterof choosingthe
bestalgorithmandusinganoptimizingcompiler. But thelattercanbeimprovedby reducingtheCPUtime
spentby theoperatingsystem.

Onepossibleschedulingapproachcouldbedynamicscheduling: wegenerateoneprocessfor eachfunc-
tional processin our specification,letting theoperatingsystemdecidewhich processshouldbeexecutedat
run-time. The problemwith dynamicschedulingis that taskcontext switching causesa run-time over-
head,which canbeunacceptablein someenvironments.Therefore,althoughdynamicschedulingis used
widespreadin interactive systems,it is notappropiatefor reactive systems.

Staticschedulingtechniquestry to make mostdecisionsaboutexecutionorderat compile-time,thus
reducingthetime consumedby theoperatingsystemduringrun-time. Thesealgorithmsrequirethatsome
informationabouttherateof arrivalsof inputsfrom theenvironmentis known at compile-time.Eventhen,
completelystaticschedulesareonlypossibleif werestrictourselvestospecificationswithoutdata-dependent
choices.Real-timeembeddedsystems,wherea failureto satisfyadeadlinecanleadto aseriousfailure,can
copewith this restrictions.But genericembeddedsystemswould bevery limited without data-dependent
constructs.Theproblemof findingpartialschedulesin a concurrentsystemwith datadependentconstructs
ensuringthattherewill notbebuffer overflow is known asQuasiStaticScheduling(QSS).

However, the QSSalgorithmdoesnot analyzedatavalues,andwhenever a data-dependentconstruct
is found, it is assumedconservativelythat any branchof the choicecould be taken. This decisionforces
thealgorithmto exploreall executionbranches,even thosefalsepathswhich areunreachablein practice.
Consideringfalsepathsduringthesynthesisincreasesconsiderablythecomplexity of theQSSalgorithm.

Severalapproacheshave beenpresentedin orderto dealwith this falsepathproblem. In [11], a semi-
automatictechniqueto dealwith this problemis presented,which requiressomeinteractionfrom the de-
signer. In [93], anextensionof theQSSalgorithmthatcandealwith amoregeneralclassof specificationsis
presented.However, thesynthesizedcodeis multithreaded,sothatpartof theschedulingtaskis performed
at run-time. However, both approachesfail to dealwith the problemboth automaticallyand at compile-
time. This sectionpresentsbriefly theQSSalgorithmandour contribution, anautomatictechniquefor the
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                         IF (tdata > TMAX) WRITE(AC−on,tdata−MAX,1);                      

case TDATA: READ(TDATA,tdata,1); 
                         IF (tdata > TFIRE) WRITE(ALARM−on,10,1);

case HDATA: READ(HDATA,hdata,1);

}}

float tdata, hdata;
while(1) {

                         IF (hdata > HMAX) WRITE(DRYER−on,5, 1);

SELECT(TDATA,HDATA) {

while(1) {

       WRITE(TDATA, sample, 1);

}
    }

float sample, last;
last = 0;

        last = sample; 

    READ(TSENSOR, sample, 1);      
    if (sample−last > DIF) {

 PROCESS TEMP−FILTER 

TSENSOR

float h, max;
while(1) {

   if ( h > MAX) {    
      WRITE(HDATA,h,1);
   }  
}

   READ(HSENSOR,h,1);

PROCESS HUMIDITY−FILTER

HSENSOR

AC−on DRYER−on ALARM−on

PROCESS CONTROLLER

TDATA

 

HDATA

Figure4.10:Systemspecificationexample:environmentalcontroller

compile-timeeliminationof falsepathsthatis basedonabstractinterpretation.

4.3.2 Quasi-StaticScheduling

A motivating example

Figure4.10shows an exampleof embeddedsystemthat controlsthe environmentalconditionsin a room
of a library. The booksin the room canbe damagedby a high humidity or a quick rise in temperature.
Two sensorsin the systemmonitor the temperatureand humidity in the room; the systemcan reactby
activatingair conditioningor adryer. Finally, if thetemperaturebecomestoohigh,thesystemassumesthat
thereis a fire andraisesan alarm. The systemis divided in threeprocesses.Two processes,namelythe
TEMP-FILTER andHUMIDITY-FILTER , filter thereadingsfrom thesensorsthatarenot relevant to the
system,suchaslow humidityor smallchangein temperature.A third process,theCONTROLLER, chooses
thecorrectreactionto thecurrentconditionof thesystem.Thecommunicationamongthethreeprocesses
is performedusingtwo internalports,TDATAandHDATA.

The systemis describedusinga languagecalledFlowC. FlowC is basicallya C languageaugmented
with communicationandsynchronizationconstructs.The constructsrelatedwith communicationspecify
the port wherethe information is read/written,the valuesreador written in theseports and the number
of elementsreador written: READ(port, item, nitems) andWRITE(port, item, nitems) .
Communicationhasblockingsemanticsandit usesaFIFOpolicy. Thethird argumentof READandWRITE
allows multi-ratecommunicationamongprocesses.Several READ(WRITE) constructscanusedifferent
valuesfor nitems aslong asthevalueis a constantknown at compile-time.Synchronizationis provided
by meansof a SELECTconstruct,thatis usedwhenthesystemis waiting for aninput in asetof ports.The
semanticsis thatwhenthereis aninput in aport or portsof theset,SELECTnondeterministicallychooses
oneof theseavailableinputports.
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A classicalimplementationwould requirethreeprocessesandanoperatingsystemthatschedulestheir
executionat run-time. We will analyzetheresultsobtainedfrom QSSandcomparethemwith this imple-
mentation.

TheQSSalgorithmwill generatea taskfor eachinput from theenvironment,i.e. therewill beonetask
to processa temperatureinput andanotheroneto processa humidity input. Thesetaskswill begenerated
in threesteps.First, a PetriNet modelof thesystemwill bebuilt from theFlowC specification.Then,the
PetriNetwill beanalyzedto find asetof run-timeschedulesthatcover therun-timebehavior of thesystem.
Finally, wewill generatecodefor theseschedules.

Figure4.11(a)shows thePetriNet generatedby QSSfrom theenvironmentalcontrollerexample.The
codegeneratedfor the tasksin the systemis displayedin 4.11(b). Thereis task for initialization, but it
is negligible as it only hasto be performedonceat start-up. It is importantto notice that, even though
therearethreeprocessesin theoriginal specification,thereareonly two tasksin theresultof QSS,onefor
eachinput. The intuition for this is that eachtaskperformsthe maximumamountof processingfor the
availableinput; althoughthis sometimesimpliesa codereplicationamongtasks,it reducestheamountof
inter-taskcommunication,becausetwo taskswon’t communicateunlesstwo inputsarerequiredto perform
acomputation.

The main advantageof a task-basedimplementationversusa process-basedimplementationis the re-
ductionof theinterventionof theoperatingsystem.A task-basedimplementationcanuseaninterruptbased
mechanismto wake up taskswhen the systemreceives an input, which is much fasterthan the context
switchingrequiredby a schedulingalgorithm. Theconsequenceis moretime devotedto theexecutionof
thesystemcodeandlesstimeexecutingcodefrom theoperatingsystem.

Figure4.12comparesthe process-basedandtask-basedimplementations.Taskbasedimplementation
requireslessinteractionwith theoperatingsystem,becauseof two reasons.Thefirst oneis thatscheduling
is not required.Thesecondoneis thatprocessesrequiremoreinternalcommunicationto completethetask.
Both factorsjustify ourclaimsthata task-basedimplementationprovidesamuchbetterperformancethana

WRITE(DRYER−on,5,1);

READ(TDATA,tdata,1); READ(HDATA,hdata,1);

WRITE(AC−on,tdata−TMAX,1)

WRITE(ALARM−on,10,1);

>TFIRE?
  tdata

HSENSOR

READ(HSENSOR,h,1);

WRITE(HDATA,h,1);

true

  h > 
MAX?

false

true

hdata
>HMAX?

false

true

true

false false

HDATA

   tdata >
  TMAX?

TDATA

last = 0;

READ(TSENSOR,sample,1);

last = sample;
WRITE(TDATA,sample,1);

true

false

TSENSOR

    > DIF ?
|sample−last|

  last = 0;
}

Init() {

Hsensor() {
  READ(HSENSOR, h, 1);
  if (h > MAX) 
    if (h > HMAX)
      WRITE(DRYER−on, 5, 1);
}

Tsensor() {
  READ(TSENSOR, sample, 1);
  if (sample − last > DIF) {
    last = sample;
    if (sample > TFIRE) {
      WRITE(ALARM−on, 10, 1);
    } else if (sample > TMAX)    
      WRITE(AC−on, 5, 1);
    }    
}

(a) (b)

Figure4.11:(a)Flow C specification,(b) Event-driventasksaftercodegeneration
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process-basedimplementation.

Benefitsand problemsof the QSSapproach

The QSSalgorithmprovidesa mechanismto synthesizea task-basedimplementationfrom a concurrent
specification.This implementationprovidesa betterperformancethana task-basedimplementationdueto
threefactors:

ä Reductionof the interventionof theoperatingsystemduringrun-time. In particular, thecostof run-
time schedulingis reducedgreatly as taskcontext switching is not usedif all tasksusethe same
memoryspaceandan interrupt-basedmechanismis usedto wake up thetasks.

ä Reductionof thememoryrequirementsfor oursystem.Communicationbuffersuseupmemoryspace,
and they are requiredfor inter-processcommunication.A task-basedimplementationimplies less
communicationinsidethesystem,soseveralof thesebufferscanberemoved.Writing/readingfrom a
buffer canbereplacedby writing/readingfrom ascalar. For example,in Figure4.11channelsHDATA
andTDATAhave beenreplacedby scalarvariables.

ä Improvedchancesof a goodcodeoptimization.As QSSreplicatessomecodein several tasks,each
taskcontainsall the coderelatedto the responseto a particularinput. Therefore,the compilerhas
new opportunitiesto performcodeoptimizationson the tasks,thatwerenot availablebeforedueto
theseparationof processes.Moreover, replacinginter-processcommunicationby scalarreads/writes
makesthe resultingcodevery adequatefor data-flow analysisandoptimization. Simpletechniques
like copypropagationanddead-codeelimination[1] cannoticeablyimprove theperformanceof the
codeof thetasks.

Therearetwo mainproblemswith theQSSapproach.

ä Replicationof codeamongdifferenttasks. This wasconsidereda benefit,asit enabledfurther op-
timizations. However, it alsohasits drawback: the sizeof the codeincreasesand thereforemore
memoryis neededto storethecodefor thesystem.Thisproblemis notsorelevant,astimeusuallyis
muchmorecritical thanmemoryandreductionin memoryusageby eliminatingbuffersmakesup for
this increase.

ä Non-schedulabilityof somesystems.The QSSproblemhasbeenproven to be undecidable.Our
methodcopeswith undecidabilityby acceptingfailures to generateschedulesfor somesystems;
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READ(D,t,1);
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Figure4.13: (a)PetriNet to bescheduled,(b) falsepathin thePN.

schedulingthesesystemsmight be possibleby taking into accountadditionalinformationthat ren-
dersthe problemundecidable.Finding a mechanismto schedulethesesystemsis a very relevant
issue.

4.3.3 Falsepath detection

Whenthe QSSalgorithmis building theschedules,the datavaluesareabstractedfrom the PetriNet, and
data-dependentchoicesareabstractedasnondeterministicchoices.Whenever oneof thesedata-dependent
choicesis reached,the QSSalgorithm proceedssafely: it considersthat any of the pathsof the non-
deterministicchoicecould be taken. However, someof theseexecutionpathswill not appearat run-time
becauseof the datavaluesof the variables. Theseexecutionpathsthat areconsideredby QSS(because
datainformationis abstracted)but areunfeasibleat run-timearecalledfalsepaths. Figure4.13shows an
exampleof falsepathin aPNschedule.Thefalsepathis acorrectsequenceof firingsof enabledtransitions,
but transitiontf will neverbefiredat run-timebecausetheconditionj>2 will neverbetrueat thispointof
theexecution.

Falsepathscandecreasethequalityof theschedulegeneratedfor aPNor, evenworse,canmakethePetri
Netnon-schedulable.However, modelingdata-dependentchoiceswith theinformationof datavalueswould
rendertheproblemundecidable,asit happenswith BooleanDataflow [24]. As anexactanalysisis out of
thequestion,theautomationof this procedurecanonly beachieved throughapproximation.Theproposed
solutionfor automaticfalsepathdetectionrelieson thetheoryof abstractinterpretation.Abstractinterpre-
tationoffersa generalframework for thestaticanalysisof systems,thatcanbeusedto approximatetheset
run-timevaluesof thevariablesof a program.Oncethesetof valid valuesof datais computed,this infor-
mationcanbeappliedto prunefalsepathseachtime thatthesynthesisalgorithmreachesa data-dependent
constructlike if or for . Fromthetheoryof abstractinterpretation,we know thattheapproximationswill
bea safeoverapproximation. Therefore,eventhougha falsepathmaynotbediscarded,a pathwill only be
discardedif it is indeeda falsepath.

We have implementedan abstractinterpreterthat performsfalsepathanalysison guardedtransition
systemsthat representthe reachablemarkingsof the Petri Net. This abstractinterpreterusesthe convex
polyhedraabstractionto computethe setof possiblevaluesof data. The valuesof dataareusedto prune
falsepathsfrom the executionpathsthat canbe taken, effectively simplifying the reachablemarkingsfor
theQSSsynthesisalgorithm.

Figure4.14showsanexampleof averysimplesystemwherefalsepatheliminationhasbeenperformed.
Thesystemis composedof two processes,whereprocess1 sendsdatato process2 througha FIFO D, and
process2 simply accumulatesthe datarecieved throughthe FIFO. The two processescan be translated
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Figure4.14: An exampleof automaticfalsepathelimination: (a) Original specificationof thesystem,(b)
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arefalsepathsfoundautomaticallyby theabstractinterpreter.
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into thePetriNet (b). At this point, reachabilityanalysiscombinedwith abstractinterpretationyields the
reachabilitygraphin (c). Severalmarkingshave beendetectedasnon-reachablewithout any kind of user
interaction. Notice that the abstractinterpreterhasdiscoveredseveral non-trivial propertiesthat did not
appearin theoriginalprogram,e.g.theprocess2 cannotterminateuntil theFIFOis empty.

4.3.4 Conclusionsand futur e work

A techniquefor theeliminationof falsepathshasbeenpresented.Remarkably, theapproachcanbe fully
automatedandperformsthe necessaryanalysisat compile-time. This techniquecanbe usedto improve
the applicability of QSSto larger exampleswith data-flow dependentconstructs.Experimentswith the
prototypeimplementationdemonstratethe suitability of abstractinterpretationfor this kind of problem.
Furtherexperimentswith real-world examplesarerequiredin orderto prove theefficiency of this technique
in largersystems.

Furtherresearchin this areawill targetotherabstractinterpretationanalysisthatcanbevery usefulfor
thesynthesizedcode,suchasverificationof thesynthesizedcodeor performanceestimation.

4.4 Publications

Thework discussedin thisdocumenthasbeenpresentedin thefollowing scientificpublications:

÷ RobertClariśo, JordiCortadella,Alex Kondratyev, LucianoLavagno,ClaudioPasseroneandYosinori
Watanabe.Synthesisof EmbeddedSoftwarefor ReactiveSystems.In 2ndInternationalWorkshopon
Integration of SpecificationTechniquesfor Applicationsin Engineering(INT’2002,SatelliteEventof
ETAPS2002), pages2–20,April 2002.

÷ RobertClariśo andJordi Cortadella.Symbolictiming analysisfor the verificationof asynchronous
circuits. In 3rd Workshopof theWorking Groupon AsynchronousCircuit Design(ACID-WG’2003),
January2003.

÷ RobertClariśo andJordiCortadella.Verificationof TimedCircuits with SymbolicDelays. In 12th
InternationalWorkshoponLogic andSynthesis(IWLS’2003), May 2003.

÷ RobertClariśo andJordiCortadella.Verificationof TimedCircuitswith SymbolicDelays.Submitted
to IEEE/ACM InternationalConferenceonComputerAidedDesign(ICCAD’2003), November2003.
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Chapter 5

Futur ework of the thesis

5.1 Remaining tasks

Chapter3 presentedthegoalsof the thesisandChapter4 haspresentedthe resultsthathave alreadybeen
obtained.Theremainingworkconsistsbasicallyonfindingtheory, efficienttechniquesandor datastructures
thatimprovestheefficiency andscalabilityof abstractinterpretationanalysis.

Althoughtheexactsolutionsto beproposedarestill beingresearched,the following is a list of topics
aregoingto beexplored.This list shouldnotbeconsideredasthepreciselist of contentsof thethesis.The
researchof thethesiswill try to cover asignificantpartof theseopenproblems.

1. Timing analysisof systemswith symbolicdelays

(a) Studythe extensibility of the proposedresultsto formalismslike Timed Automataor Hybrid
Systems.

2. Synthesisof embeddedsoftware

(a) Implementthe proposedanalysisalgorithm into the Quasi-StaticSchedulingframework and
evaluateits efficiency with real-world exampleslike anMPEG-2decoder[11].

(b) Studytheextensibilityof theproposedanalysisto provide performanceestimationsof thegen-
eratedcode.

3. Studyof new abstractionsof numericvalues

(a) Studya datastructurefor therepresentationof linearconstraintswith coefficients ømù_ú%û3üýû�þÿú��
to beusedin timing analysis.An initial proposalof sucharepresentationhasalreadybeenmade.

(b) ImplementationthepreviousdatastructureusingBinaryDecisionDiagrams.

(c) Evaluatetheefficiency of this abstractioncomparedto lessexpressive representations,suchas
DifferenceBoundMatrices,andmoreexpressive representations,suchasconvex polyhedraand
Presburgerarithmetics.

(d) Studyotherimplementationsbasedondecisiondiagramtechniques.In particular, studynumeri-
calrepresentationssuchasNDDsor DDDsandtheirsuitabilityto representnumericconstraints.

4. Efficientstrategiesfor solvingsystemsof equations
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(a) Characterizepropertiesof systemsthat permitmoreefficient solving strategies. For example,
acyclic systemscanbeanalyzedmuchmoreefficiently thanothersystems.Thegoalwould be
findingothernon-trivial properties.

(b) Studyhow to divide the solutionof the systemof equationsinto smallersubproblemswhose
solutionscanbe combined.As an example,studyhow the resultsof the analysisof a system
arerelatedto thosethatcanbeobtainedby analyzingtheunderlyingspanningtreesor directed
acyclic graphs.

(c) Analyzethepaperof thewideningoperatorin abstractinterpretationanalysis,andthepossibility
of alternative implementationsor

5. Decidibility andcomplexity aspects

(a) Studythedecidibility andcomplexity of theproblem“checkaLTL formulain a restrictedclass
of TTS with symbolicdelays”.Thisproblemrequiresexacttiming analysisof TTS withoutany
kind of approximation,i.e. withoutusingthewideningoperatoror theconvex hull”.

6. Compositionalandhierarchicalabstractinterpretation

(a) Studythehierarchicalanalysisof complex systemsthataredividedin moduleswhosecommuni-
cationis delay-insensitive. Reachabilityanalysisof thewholesystemcouldbeperformedusing
symbolictechniques,while localanalysisof eachof thecomponentswouldbeperformedby the
classicabstractinterpretationalgorithm.

(b) Studythecompositionof theresultsof abstractinterpretation.Givenasetof components,which
have alreadybeenanalyzed,studyhow theanalysisresultsof onecomponentcanbeappliedto
thewholesystem.

7. Applicability of symbolictechniques

(a) Studyhow to usesymbolictechniquesin the reachabilityanalysisperformedbeforeapplying
abstractinterpretation.

(b) Studyhow to implementthe abstractinterpretationanalysissymbolicallyusing, for example,
theabstractionproposedin 2(b). This techniquewouldcombinewith thesymbolicreachability
analysisin 5(a)to allow a fully symbolicabstractinterpretationanalysis.

(c) Evaluatetheperformanceof symbolictechniquesappliedto abstractinterpretation.

5.2 Working plan

It is expectedthat the tasksrelatedto the thesiswork will be completedin two years. However, this is
just a broadestimation.Thedurationof the thesisdependson the resultsthatwill beobtainedduring the
evaluationof theproposedtechniques.Mostapproachesin theareaof verificationhave verybadworstcase
complexity, but thenarewidely useddueto verygoodaveragecasecomplexity. Someof thetechniquesthat
aregoingto bestudiedfall into this category, soits relevancedependson theefficiency thatthey exhibit in
practicalexamples.

Theplannedschedulefor thethesisis asfollows. Eachof theareaspresentedin theprevioussections
will be studiedfor a periodof threemonths. In thoseareas,a setof relevant problemshasalreadybeen
identified.Dependingon theresultsobtainedin theseproblems,or new openproblemsthatmightarise,the
periodof time for eachof theseareaswill bemodified.Thelastsix monthswill bededicatedto writing the
thesis.
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In this working plan,we have consideredthework alreadydone.During theseinitial years,thetheory
andapplicationsof abstractinterpretationhave beenstudiedin depth.Severalexamplesthatcanbeusedas
benchmarksfor new analysishave alsobeenidentified.Finally, a genericlibrary for abstractinterpretation
analysishasbeendeveloped.Any futureimplementationof new analysistechniqueswill beacceleratedby
theuseof this library.
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